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To my math teacher Mr. Milos Belusevié 


Preface 


Preface to the Second Edition 


It is inevitable that first edition of any type of textbook, and especially textbooks for mathematics, 
includes quite a few errors that slipped by all preproduction reviews. In this second edition, errors are 
thoroughly reviewed and corrected, with hopes that not many new ones are created. 

As the original volume doubled, this second edition is split into three separate books, Vol. I, II, 
Il. In order to reinforce natural development in the study, best effort is put to logically organize the 
presented examples and techniques so that subsequent problems reference the once already solved. 


fle-de France, France Robert Sobot 
June 27, 2023 


Preface to the First Edition 


This tutorial book resulted from my lecture notes developed for undergraduate engineering courses in 
mathematics that I teach over the last several years at l’Ecole Nationale Supérieure de 1’ Electronique 
et de ses Applications (ENSEA), Cergy in Val d’Oise department, France. 

My main inspiration to write this tutorial type collection of solved problems came from my 
students who would often ask “How do I solve this? It is impossible to find the solution,’ while 
struggling to logically connect all the little steps and techniques that are required to combine together 
before reaching solution. In the traditional classical school systems mathematics used to be thought 
with the help of systematically organized volumes of problems that help us develop “the way of 
thinking.” In other words, to learn how to apply the abstract mathematical concepts to everyday 
engineering problems. Same as for music, it is also true for mathematics that in order to reach high 
level of competence one must put daily effort into studying of typical forms over long period of time. 

In this tutorial book I choose to give not only the complete solutions to the given problems, but 
also guided hints to techniques being used at the given moment. Therefore, problems presented in this 
book do not provide review of the rigorous mathematical theory, instead the theoretical background 
is assumed, while this set of classic problems provides a playground to play and to adopt some of the 
main problem-solving techniques. 


vii 


viii Preface 


The intended audience of this book are primarily undergraduate students in science and engineer- 
ing. At the same time, my hope is that students of mathematics at any level will find this book to be 
useful source of practical problems to practice. 


fle-de France, France Robert Sobot 
November 30, 2020 
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Series 


Infinite series: an infinite ordered list of elements (terms) to be added 


(oe) 


Vig =a +aQ+ast-- 


i=1 

Limit of infinite series: first, the sum of finite number n of elements a;, and then limit n to infinity 
00 n 
dX a; = im d, a; 


Arithmetic progression: a sequence of numbers where the difference d between any two 
subsequent terms is constant. That being case, given the first term a), a general term a, is found 
as 


an =ayt+d(n— 1) 
The sum of the first n terms in arithmetic progression 
” n 
Sn = 2a = 5 (a1 + Gn) 


Geometric progression: a sequence of numbers where the ratio r between any two subsequent 
terms is constant. Given the first term a,, a general term a, is found as 


a, a2=ar, aA,=a47!",... 
Qn =a,r"! 


The sum of geometric progression: if a, =a, (a # 0) then the sum of first n terms is found as 
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2 1 Series 


n n 
Sn = ) an = ) ar = ar? + ar! +ar?+---+ar"! 
ee ee re ee ae 
i ams n terms 


Assuming a # 0, there are two main cases: 


1. r = 1: the sum of first n elements is 


n n 1 
Sn = yu =) lakT=na 
k=1 k=1 


thus, the sum of infinite series is 


noo noo ] n> 00 


yar yi avr Yi a@=atatat:::-> 0 


at es nee infinitely terms 


In conclusion, if r = 1, infinite geometric series is divergent. 
2. r #1: The sum of first n elements is derived as follows: 


Sn =a+artaf 4. tarrt ». 


r Sp =artafi+---tar-* + ar" 
a(d-r” 
(S, —1r S,) =a-—ar" => ecu ) 
l-r 
Convergence of the geometric sum: depending upon the value of |r| 4 0, where a is the first term 
in the series, then the infinite sum may be calculated as 
(a) |r| > 1: 1in this case, each power term r” of the geometric series is greater and greater; therefore 


n—->Oo = 


CO _ 
54 . a(l—-r") OO\ ry... —anr 
) ar = lim (=) ( i im —— —> co 
noo CO 


n=1 
In conclusion, for |r| >, 1 infinite geometric series is divergent. 


(b) |r| < 1: in this case, recall that powers r” of number r inferior to one are smaller and smaller 
tending to zero; thus 


In conclusion, for |r| < 1, infinite geometric series is convergent. 


Mathematical induction: given identity F(n) in function of n can be proven by the mathematical 
induction technique that consists of three steps: 


1.2 Finite Series 3 


1. F(n) must be proven to be true form = 1. 
2. Assumption is that F'(k) is also true, where k is an arbitrary value of n = k. 
3. F(n) must be proven to be true for the next value of n = k + 1 


and then, the conclusion is that given identity F (n) is true for all n. 


Problems 
Finite or infinite series are summed in accordance with their respective forms. In general, it is 


important to first determine if the series is in the arithmetic or geometric form and then to apply 
various algebraic methods. 


1.1 Sequence Notation 


Determine general term a, of infinite series in P.1.7 to P.1.9. 


1.1. 1,3,7,15,31,63,127--- 1.2. 1,-1,1,—-1,1,--- 1.3. S=24374.-.-4+n3 
14,1234... a ee ee ee 
3°5°7 1-2’ 2.3°3-4° 4.5 273° 4 
345 6 1 2 3 2 3 4 
1.7 =>o5,5550°°° 1.8 sg=-— = = as 1.9. is , ’ ae 
2°3°4°5 a. gta" 1-2°1-2-3'1-2-3-4 


Calculate sums of finite series P.1.10 to P.1.15. 


4 3 
1.10. Soi 1.11. 2 1.12. yi? 
i=l , . 
1.13 2 1.14 se 1.15 pas 
. 2 14. : Ae Doe 


1.2 Finite Series 


Derive sums in P.1.16 to P.1.21. 


= 


n 5 n+2 
1.16. S01 17. ¥% 118. \>- 
i=l i 


ll 

un 
= 
ll 
ua 


‘a 5 11 23 47 


1.19. > -i(4i — 3) 1.20. ; 1240 op 


i=1 i= 
25 10 


1.22.) 1G —2i) 1.23. S\(-2)""! 1.24. S01) 1x 


i=1 n=1 k=1 


1.3 Infinite Series 


Derive infinite sums in P.1.25 to P.1.30. 


1.25. )\vn—3 1.26. lim cos 
0 


ee $38. ii i. 2 n 
1.27. iim; (<) +1 .28. jim a ee 


1 1 1 or) 1 
1.29. tim I-35) (1-5)--(1-5)| a 
aa 7 9 ne eee “ n(n + 1)(n +2) 


1.4 Geometric Series 


Deduce general terms of series in P.1.31 to P.1.38 and then calculate the sums. 


oo n-1 5 
1.31. »-2(3) 1.32, )°5(-5)" 
1 


1 1 1 1 10 20 40 


3 
1.33. sas 150. 62 a 
a6 16 a gt ge og 
lo) 10 
1.35. $= 5 2"3'" 1.36. ) (4, —8, 16, —32, 64,...) 
n=l k=0 
F ee lee) 4 : 4°38 oo (-1)""! 
o7. Ss) xy iis 38. aoe ae 


n=1 1 


1.5 Mathematical Induction 
Prove identities in P.1.39 to P.1.45. 


n(n + 1) 
2 


1.39. 1424+34+.--+n= 


1 


12 6’ 12’ 24° 48’ 


Series 


1.5 Mathematical Induction 


1.40. 


1.41. 


1.42. 


1.43. 


1.44. 


1.45. 


n(n + 1)(2n + 1) 


Te Oe ie a ee ; 


n(n + 2) 


P42 4384-418 = ( 5 


Lapa a a OF 


1434541 per 


n(n + 1)(n + 2) 


1-242-34+3-44+---tn(n+]) = 3 


1 1 1 1 n 


[336 30° ° Ga-DGiae  mel 


6 1 Series 
Answers 


1.1 Sequence Notation 


1.1. One possible set of solutions may be derived by noticing that all terms of given series are close 
to powers of two series, i.e. 2” = 2, 4, 8, 16, 32,..., thus 


1, 9-7, 15,351,628, 197 SS apao" <1, Fete) 
or, 


a, = 2*t*!_ 1, k Ee (0,00), ete. 
1.2. Series whose elements are alternating +1 may be written as 


1,-1,1,-1,1,--- => Am = (-1)", m € (2,00), 
or, 


y"!, me(i,o), or, 


an = (-1 
Gn = cos(m7), meé(l1,oo), or, 


am =ei™™, (j77=-1) and mé(l,oo), etc. 


1.3. Probably most obvious response is to write, 
S=P43 4-0-4075) 
k=2 


However, all indexes may be reduced, for example, by one without changing the total number of terms 
nor the total sum, as 


n—-1 
S=) +P = C141? + (241% + B40? +--+ (@- D+? 
j=l 


ee 
Or, if for any reason it is preferred that the index counter starts with zero, then 


n—2 
S= (m+ 27 = (0F 27 +1 $27 + (242? +--+ (CQ — 2) $2)" 


m=0 


=P ae eed 
1.4. One possible set of relations between numerator and denominator may be 2” — 1, that is 


1, né(l,oo), or, 


WIN 


3 4 ss _ on 
75° 7’ ee 


1.1 Sequence Notation 7 


es ere 
= ’ »C), etc. 
Oa ey? 


1.5. Denominator is product of two subsequent numbers, thus 


1 1 1 1 = 1 Le tiee) 
ee sa Se a) ,00) OF, 
12 9.35.4 45 KD 
1 
ak = , kKE(0,c~) of, 
(kK + 1)(k +2) 
1 
= ——, ke(2, tc. 
a k-Dk (2,00) etc 
1.6. Given series may be written as 
11 1 1 -1 +1 -l 
fap a eee) 
23 4 1 2 3 4 
(-—1)""! 
=> a, = ’ n € (1, oo) 
n 


It is worth mentioning that this infinite sum converges to In 2. 


1.7. Note that general term of any given series may be written in infinite number of ways, there 
is no unique solution. Some forms seem more evident than the others, nevertheless there are many 
possibilities. For example, it may seem natural to say that numerator of any term equal denominator 
plus one, i.e. 


345 6 a i+1 E02 ) 
53S, Se ah aes. a; = —, 1 , CO 
V34 5° i 
or, 
Ee i oo) | 56,0) 
=F , 3 CO or, or : ,OO),-:: 
a ae L a cf I 


1.8. By inspection, denominator equal numerator plus one, thus general form of this sum may be 
written in any of the following forms 


or relative to any other index starting at arbitrary value. 


1.9. Denominator is expanding in the form of factorial, thus 


1 


2 3 4 = Beas 
are =-—, , co 
[2 [-2-3' 1-2-3-4" coe 


1.10. Finite number of terms k = 4 in series can be added in a finite amount of time. Thus, a four 
element sequence where each term equal to its position in the series, here a general term n; = /, i.e. 


8 1 Series 


ny =1,n2 =2,n3 = 3,n4 = 4, adds up as 
4 
doi =14+2434+4=10 
i=l 


This general form of a sequence is better known as “arithmetic progression” or, in this case, the sum 
of first m integers, where the number of terms to be added m = 4. Note that indexing of terms starts 
with “1” and finishes with m = 4, by consequence there the total of m terms to be added. 


1.11. A finite sequence of k identical terms, here a general term n; = 2 (that is to say, not a function 
of i), i.e. ny = 2,n> = 2,n3 = 2,4 = 2, is added as 


4 
Y°2=24+24+242=4.2=8 
é ee 

i 4 times 
where, the indexing range isi € (1, 4). As index of the last element in the series is ‘4’ by consequence 
there is the total of k = 4 terms to be added. 


1.12. Sum of the first k = 3 integer squares n; = i”, i.e.n; = 1°, ny = 27, n3 = 3”, is 


YP =P 4743 =14449=14 


i=1 


where, the indexing range isi € (1, 3). As index of the last element in the series is 3’ by consequence 
there is the total of k = 3 terms (i.e. 1, 4, and 9) to be added. 


1.13. Finite series of “powers of two” aj = 2/, i.e. ap = 2°, ay = 2!,a. = 2?,a3 = 23,44 = 
2* as = 2°, is added as 


5 
So 2f = 294-2! 4-27 42742442 314244484 164 32=63 
j=0 


where, the indexing range is j € (0,5). As index of the last element in the series is ‘n = 5’ and index 
of the first element is ‘0’, by consequence there is the total of k = n + 1 = 6 terms (ie. 1, 2, 4, 8, 16 
and 32) to be added. That is to say, elements indexed one to five, plus the one with the index zero. 


1.14. Finite series of the first n = 4 integer fractions, a, = 1/1, az = 1/2, a3 = 1/3, ag = 1/4, sums as 


ee 
“kk 1°2°3°4° 12 


where, the indexing range is k € (1, 4). As index of the last element in the series is ‘n = 4’ and index 
of the first element is ‘1’, by consequence there is the total of n = 4 terms to be added. 


1.2 Finite Series 9 


1.15. Given finite series of three elements in the form 


n—1 
qj = 
n2+3 
*. its sum is 
3 3 
n—1 1-1 2-1 3-1 Oo 1 Z\ 13 
Dt ea P43 243 943° 3°7' 6 


1.2 Finite Series 


1.16. In the general case of the last index value n, the sum S is derived in function of n as 


S=)l1=141414---+1=n 
a 


i=l nxl 


because, a general term of this series is a; = 1, that is to say, a} = 1,a2 = 1,a3 = 1,... repeated n 
times. Note that this solution is general because n may be finite or infinite. In the case that this series 
is infinite, then the sum is found as limit 


lim $= lim n= oo 

noo n-> oo 
1.17. In comparison with P.1.10, general solution (a.k.a. Gauss’ formula) of this sum is derived 
in function of n. The legend has it that this classic problem of the sum of an arithmetic sequence 
was solved by Gauss when he was still in the elementary school. His proof takes advantage of the 
commutative property of addition by writing the same sequence in both ascending and descending 
order and creating n identical summing terms as 


Ss. -1 +2 +3 ++++ +(n—1) +n 
S= nr t+t(n—1) +:-: +3 +2 +1 


2S= (n+1) +@4+1) 4+@4+1) 4+--- 4+4M4+1) 4+@4+1) 
a 
nx(n+1) 


because vertical sum of each pair results in (n + 1) repeated n times: (n+ 1),2+(—-1)=(1+]), 
etc. Thus, double sum is 


n(n + 1) 


28=n(n+1) > S= 5 


In conclusion, sum of the first n integers is 


n(n + 1) 


S=)0i=142434+--4n= ; 


i=1 


10 1 Series 


5 5 By n 1 2 3 4 5 
gn+2 9n9? 2 2 2 2 2 2 
1.18. Sy ea (=) = 
a 37 = Bn = (5) ((;) +(3) +(3) +(3) +(3) 


ay 2.4, 8 16, 32 _ , 422 
~"\3 59° 27° 81 243 


1.19. This sum may be split into two already known sums as 


\ i4i-—3) = 947 — $031 = 4) 07° —3 i = {see P.1.40 and P1.17} 

i=1 i=1 i=1 i=l i=1 

goer DGa +t) gree?) _ 4n(n + 1)(2n + 1) — 9n(n + 1) 
6 2 6 


_ 8n?—5n _ n(n + 1)(8n —5) 
eS ee 


1.20. When n — ov this series is known as description of Zeno’s paradox. Noninfinite sum may be 


solved as 


1 1 1 1 1 
Sn=atatat T anal T on 
ae Re ce + : Se Se ee, = : ee 
2° 2? 2 i), 2 2 2 Qe-l oe 2 
Sn 
a ee 
2 2" 
Note that for n — oo this sum converges to one. 
1.21. General term of the given series may be deduced as 
Sua? . S621 ty 1 
6’ 12’ 24’ 48’ 6 6 6 3-2! 
ea oe eae 1 
12 12 12 3-22 
23. 24=—1 ~1 iy 1 
24 24 24 3-23 
27 «448-1 1 1 
lee ee eee | 
48 48 48 3.24 


so that, 


1.3 Infinite Series 


Ya= (1-5 5)= 1-5 — (see A120} =n— 5 (1-5) 


n 
k=1 k=1 2 


25 25 25 n 
1.22. )°(6-2i) = a = pa = 5 +a 
i=l i=l 


“95 
ie £5425 28. $95 = 25-95 = 255 = 1 = 25) = — 525 


10 10 10 
5 : 1 

1.23. ar = ) ei? 271 = 7 5 (an ag 
n=1 n=1 n=1 


((- 1)!" rt i 4 1°" 193... + (—1)'012!°) 


1 
~ 2 
1 
= 5 (2-448 - 16 +32— 64 + 128 — 256 + 512 — 1024) 
=1- 


2+4-— 84 16— 32 +4 64 — 128 + 256 — 512 = —341 


n 


1.24. Yi tx = (aij A (=i) 4 (1p deggavak (lyf 
k=1 


= (—1)°x? oe (-1)'x* + (=i) x" Se oaerck (—1)""14" 


Sy age eet ay 


1.3 Infinite Series 


1.25. S=) Vn—3=0414V24+V34---+-Vn—-34--- 


n=3 
Obviously, this infinite sum is divergent because the last term in the sum is infinite, oo — 3 = 00 


1.26. Terms of this series in the first period are 


S= Yon = cos —— sid + cos ia + cos a + cos sti + cos ae + cos ti 
- 6 6 6 6 6 6 6 


4 4 70 4 8a 4 On a 107 de lla 
Os — cos — cos — COs COs cos 
ee 6 6 er 6 


ees, 13 1 v3 1 ia 
~ a) 2 2 2 2 p> 9 
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Therefore, when k — oo this sum is extended to infinite number of full periods, thus the total sum is 
zero (i.e. series is convergent). In any other case, the infinite sum of this series is divergent. 


1.27. Note which variable is the sum counter, and which one is the limit counter, 


oo +\2 oo ry) oo 
: 3 i ' 3 3 . 3, 3 
ae d ‘i (<) rr 1 E a | Pe » E . | 


wot 
435 OSB 
aja LMI 
Me 

“pb 

+ 

S| w 

Me 
—e 


{see P.1.40 and P.1.16} 
g Hoe DONE 34) 


II 
eer 
3B 

| 


nb? 62 


eee pres 
= im | 5" i +3] 


2 =n n 


ll 
=r 
rr | 
— 
SY 
— 
— 
+ 
Sle 
—” 
SY 
— 
NO 
+ 
=I 
” 
+ 
WwW 
Ld 


| 
45 
| 
— 

+ 
shes, 
eee 
foo 

i) 

+ 
whS, 
csc 

+ 

LoS) 


1.28. Given series may be rewritten so that 


lim 
n> 


II 
II 
—_—_ 
D 
o 
oO 
~ 
i 
— 
cli 
— 
II 
5 


(< 2 =) . L4+2+---+n 
sitet lim ——H¥—___ 
nz n2 


n2 noo n 


1.29. Given series may be factorized so that 


1 1 1 _ {4-19-1 n> —1 
lim 1-—- 1—=)---{l-— = lim see 
noo 4 9 n2 noo 4 9 n2 


= {a°-b’ =(a—b)(a+b)} 
— 3-1G+4+1) ; od 


= lim 


n> oo 22 32 7 n2 
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& Mm -27r faTntD) 
SB WHlhe yt en 


| 
TE 
QB 
ren, 


() rH 1 
4 —_— = m = 
noo 2n ee) n—>oo 2 2 


II 
5 


1.30. One possible method to resolve limits of series similar to 


[oe 

jn 2. a DEaD n(n + i +2) 

is to use partial fractions decomposition method in such a way that sum of the resulting repetitive 
pattern cancels with possible exception of a constant, e.g. ‘1’. The repetitive pattern may be deduced 
by decomposing a few last terms in the series, which (if exists) may be extended back to the leading 
terms as 


1 1 1 1 
na+@+2) 2n (+l 242) 
1 1 1 1 
(n — 1)n(n + 1) a 2(n — 1) aoa 2(n+ 1) 
1 1 1 1 


@=Du=In Ba—-) G1)” 


The emerging pattern may be applied to the leading terms (and verified if still correct) as 


1 1 1 1 
= aod rf 
18 267° 38 
1 i | 1 
567725 6127 
1 ee | 1 
= - 7 
15h Ga 8 ce 
1 1 is 1 3 
3-4-5 2-3 4° 2-5 
1 1 1 1 
= ex v 
13:4 22 32° 2a 
1 i 4 1 
= = i 
123° 21 2123 


As a consequence, the sum simplifies as 


= 1 1 1 1 
nae GSD Zn Gel” naa 


n=1 
1 y 1 
=) fA’ te+0 


+ 


ge, ie | 
YA- 2) 1) An 


That is to say, the series sum consists of non—canceled terms and converges as 
0 


0 
oe) 
1 1 1 1 1 1 
lim a —_—___—__—_ = lim tee = = 
nacoL4nintl(nt+2) 4 2H+1) (+h | 2H+2 ) 4 


n=1 


In conclusion, this series is convergent, to !/4. 


1.4 Geometric Series 


1.31. First few terms of this infinite series where n € (1, oo) are 


3 9 27 ar 
an: —2,-=,-=,-=,-°°'-2 =. ey 
2 8 32 4 
Therefore, the sum of infinite series where first term in the series is a; = —2,r = 3/4 < Lis 


. 9 (3) ope eee: 
1 4 ies (3) 


n= 


Note that indexing starts with n = 1. 


1 


Series 
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1.32. Property of geometric series is that ratio r of any two subsequent terms is constant, i.e. 


ana B(-5)** = _srti-n 


= = =—5 (const. ) 
an B(-5)" 
First few terms of this infinite series where n € (1, oo) are 
Gyn: —25,125,---5(—5)"--- 
then, the first term in the series is aj = 5(—5)! = —25 and | — 5| = 5 > 1. Sum of the first n = 5 
terms of geometric progression is 
5 5 
a,(1 — r”) —25 (1 — (-5)°)  —78 150 
Ss= 5(-5)" = = = = —13025 
: 2 l—r 1=<—3) 6 
1.33. Given 
1 1 


2 2 6 18 54 


Property of geometric series is that ratio r of any two subsequent terms is constant, i.e. 


1/2 1/6 1/18 
375 13 6 


1 
--=- (const.) 
3 ( 
then, the first term in the series is for n = 0, i.e. ag = 3/2. Therefore, the first few terms are 
3715" 3 af71y > 4 a 71)". 1 3 f1\" 
g=— lo) = 5 @=o lo) = Basle) =o as le) : 
2\3 2 2\3 2 2\3 6 2\3 
Infinite geometric progression is convergent under condition 


<lv 


1 
1 >(|- 
Ir] < ; 


therefore, sum of infinite geometric progression is 
lo-e) [o.@) n 
” 3 (1 a 3/2 9 
ee 5G) 


Note that indexing starts with n = 0. 


1.34. Given infinite series, 


it follows that 
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1. ratio of subsequent terms is 


M2 22 A062 
1 BO OG 


2. then given series may be written as 


S=5 Lee ae =5 2V 45 2\" 45 2)" 4 +5 =a 
~ 3 9 27 _ 3 3 3 3 


3. therefore, sum of infinitely long series where r = —2/3 and the first term in the series is aj = 5 is 
calculated as 


10 20 40 > 3 
ee eee ee = =53=3 
i aa d (-5) - 7 }= ee ee 

3 


Note that indexing starts atn = 0. 
1.35. Given expression may be converted into the general form of geometric series as 


+ 2n 21—n = 2)n 2—(n—1) a 4” “8 4x 4r-l 
SS) es tS yy =r a ee 


n=1 n=1 n=1 n=1 


oo 4 n—-1 4 
=) 4(- . il=s>1 
=e 3 


Therefore, since |r| > 1 the conclusion is that this series is divergent, i.e. § + 00. 


1.36. Given series 4, —8, 16, —32, 64,... Property of geometric series is that ratio r of any two 
subsequent terms is constant, i.e. 


—8 16 —32 2 ( a4 
ge ag ae const. 


then, given series may be written as 
4—84+ 16-324 644+.---=4(—2)° + 4(—2)! + 4(—2)? + 4(—2)? + 4(—2)4 +--+ 4(—2)" 


therefore, r = —2 and the first term is for n = 0, i.e. ag = 4. Sum of the first n = 1 ton = 10 terms 
of geometric progression is 


_ 10 
Sio = sa 2)" = ae) = 2732 
n=0 


Note that indexing starts atn = 0. 
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1.37. This expression is in the general form of geometric series, then given condition that |x| < 1, 
it follows that 


1 


[o.e) [oe 
fae = ig jq=i,¢=x}= = 


n=1 n=1 


1.38. Given infinite geometric series may be written as 
oo (-1)""1 oo -] n-1 
ae ae 
1 1 


first few terms of this infinite series where n € (1, 00) are 


1 1 1 (—1)"7! 
an : 1, — > > — Pes s a * 
3 27 3-1 
where, r = —!/3, that is to say |r| < 1, and the first term in the series a; = 1 so that 
3 (-1)""1 _ 1 7 3 
n—-1 _ 1\ 
1 3 1— (—3) * 


1.5 Mathematical Induction 
1.39. Mathematical induction technique is based on the three step procedure: 


1. given identity must be true for n = 1, as 


1 1(14+1 2 
142434---¢n= MAO => pa OP oa v 


2. given that the identity is true for n = 1, it should be true for other n = k, ice. 


_ k(k+1) 


1+243+---+k 5 


3. assuming that the identity is true for n = k, it must be proven that it is true for the next natural 
number, i.e. 2 = k + 1. That is to say, 


k(k+1 
142434-- tha “EEO 


{add the next term (k + 1) to both sides | 


(1.1) 


Kk+W+2k+ _ &+VDA+2) 


k+)l= 
+(k + 1) 5 5 


kk+1 
14243+--4k ++) = ETD 
——<——_—_—_—_ 


k(k + 1) 
2 
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— &+D(K+D41) 
~ 2 


(1.2) 


Obviously, (1.2) is in the same form as (1.1) after ‘k — (k + 1)’ replacement. In conclusion, if 
(1.1) is true then (1.2) is also true for (k + 1). 


Final argument: for n = 1| (1.1) is true and, that being the case, it is true for the nextn = 2. 
Consequently, being true for n = 2 it is also true for the next n = 3, etc.. By the “domino effect” 
(1.1) is therefore true for all subsequent n. 


1.40. General term of this series is a; = i?, and the sum of first n squares is found to be 


= 1)(2 1 
S=VPHVP4P43R 4-4-1 tr? = sala x canst) (1.3) 
i=l 


Proof and derivation of sum (1.3) is based on the three step procedure mathematical induction 
technique 


1. Case: n= 1 given identity (1.3) must be true. 


1x(1+1)(2x1+1)_1x2x3_ 6 


S=Pr= =-=lV 
6 6 6 


which simply proves that (1.3) is true forn = 1. 
2. Assumption: given that the identity is true for n = 1, it should be true for other n = k, i.e. 


_ kKEDOKED 


Si 
: 6 


(1.4) 


3. Case: n =k +1 assuming that the identity (1.4) is true for n = k, it must be proven that it is true 
for the next natural number, i.e. 1 = k + 1. That is to say, when the following term is added as 


k(k + Ik + 1) 


Sor = P4224. +P 4412 =H 4+ (K+ 1% = 7 + (k +1) 
Sk 
kkK+1@Qk+1 k +1) k(2k+1 k+1 
_ (k + 1)¢ caret + 1) — Kae! re + 1) 
2 2 
Sea +TE+6 _ a 12h +4k4+3K+6 (K+ 1 (K+2)2k +3) 
6 6 6 
_ 64 (G4) +1) 2E4+D +1) ne 


6 


Obviously, (1.5) is in the same form as (1.4) after ‘k — (k + 1)’ replacement. In conclusion, if 
(1.4) is true then (1.5) is also true for (k + 1). 
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Final argument: for n = 1 (1.3) is true, and in the previous step it is proven that the next sum of 
n = 2 elements is also true. Then, by induction, it must be that the next sum of n = 3 elements is 
also correct, etc., for any subsequent sum of n elements. 


1.41. Given sum of n cubes, 


n(n+ ) ay 


P+P4 ebb = ( ; 


Proof and derivation of sum (1.6) is based on the three step procedure mathematical induction 
technique 


1. Case: n=1- given identity (1.6) must be true. 


2 2; 
5 == (“4*)) -(“) See 
2 2 4 


which simply proves that (1.6) is true forn = 1. 


2. Assumption: given that the identity is true for n = 1, it should be true for other n = kK, i.e. 


k(k+1)\* 
— (a) (1.7) 


3. Case: n =k +1 assuming that the identity (1.7) is true for n = k, it must be proven that it is true 
for the next natural number, i.e. nm = k + 1. That is to say, when the following term is added as 


k(k+1)\? 
Su = PHBE Hote D =H ++ DF = (AAP) ai 
Sk 
kk +1)? 4+22(k + 193 e+ k+1 kRe+4k +4 
2 cae het \ 
(ne) - (5 a a ya ) ¥ (1.8) 


Obviously, (1.7) is in the same form as (1.8) after ‘k — (k + 1)’ replacement. In conclusion, if 
(1.7) is true then (1.8) is also true for (k + 1). 


Final argument: for n = | (1.6) is true, and in the previous step it is proven that the next sum of 
n = 2 elements is also true. Then, by induction, it must be that the next sum of n = 3 elements is 
also correct, etc., for any subsequent sum of 1 elements. 


1.42. Given sum of 1 powers of two, 


1424+27+.--+-27'=2"-1 (1.9) 
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Proof and derivation of sum (1.9) is based on the three step procedure mathematical induction 
technique 


1. Case: n=1- given identity (1.9) must be true. 
sea PS al 2. Peal 
which simply proves that (1.9) is true forn = 1. 
2. Assumption: given that the identity is true for n = 1, it should be true for other n = k, i.e. 
S, =2*-1 (1.10) 


3. Case: n =k +1 assuming that the identity (1.10) is true for n = k, it must be proven that it is 
true for the next natural number, i.e. n = k + 1. That is to say, when the following term is added as 


Seg = 142427 4---42% 142% = 5 42% = (2*-1) 42% 
ed 
Sk 


=o 2 19. 1a 1 (1.11) 


Obviously, (1.10) is in the same form as (1.11) after ‘k — (k + 1)’ replacement. In conclusion, 
_if (1.10) is true then (1.11) is also true for (k + 1). 


Final argument: for n = 1 (1.9) is true, and in the previous step it is proven that the next sum, 1.e. of 
n = 2 elements, is also correct. Then, by induction, it must be that the next sum of n = 3 elements is 
also correct, etc., for any subsequent sum of n elements. 

1.43. Given sum of n odd numbers 


14345+4---4+Qn-N=n° (1.12) 


Proof and derivation of sum (1.12) is based on the three step procedure mathematical induction 
technique 


1. Case: n=1- given identity (1.12) must be true. 
S=@Q: lejos l=1 7 
which simply proves that (1.12) is true forn = 1. 
2. Assumption: given that the identity is true for n = 1, it should be true for other n = k, i.e. 
S=143454+---4Q2k-D=Kh (1.13) 


3. Case: n =k +1 assuming that the identity (1.13) is true for n = k, it must be proven that it is 
true for the next natural number, i.e. 2 = k + 1. That is to say, when the following term is added as 
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Seu =1t3454---+ Ck-N+CK+N =H + Qk +I = + K+ 


Sk 


=e ly of (1.14) 


Note that given odd number (2k — 1) the next odd number is (2k — 1) + 2 = (2k + 1) because 
all odd numbers (as well as even) are separated by +2. Obviously, (1.13) is in the same form as 
(1.14) after ‘k — (k-+ 1)’ replacement. In conclusion, if (1.13) is true then (1.14) is also true 
for (k +1). _ 


Final argument: for n = | (1.12) is true, and in the previous step it is proven that the next sum, i.e. of 
n = 2 elements, is also correct. Then, by induction, it must be that the next sum of n = 3 elements is 
also correct, etc., for any subsequent sum of 1 elements. 


1.44. Given sum of n binary products 


n(n + 1)(n + 2) 


1-242-34+3-44+---ta(nt+ l= 3 


(1.15) 


Proof and derivation of sum (1.15) is based on the three step procedure mathematical induction 
technique 


1. Case: n=1- given identity (1.15) must be true. 


ee 1a¢p= oc" é Fx 


Wl a 


which simply proves that (1.15) is true for n = 1. 
2. Assumption: given that the identity is true for n = 1, it should be true for other n = k, i.e. 


k(k + 1)(k +2) 


Sp = 1-242-343-44---+kK4+ 1) = 3 


(1.16) 


3. Case: n =k +1 assuming that the identity (1.16) is true for n = k, it must be proven that it is 
true for the next natural number, i.e. n = k + 1. That is to say, when the following term is added as 


Ser = 1-242-343-4440 bk D EE DED =H ++ DEL 
a 
Sk 


= ce EF et DEED = se ee 
— k+ADE+DE+3)  K&+V(K+)4+1)(K+ 1) +2) 
7 3 7 3 


Fa (1.17) 


Obviously, (1.16) is in the same form as (1.17) after ‘k — (k + 1)’ replacement. In conclusion, 
_if (1.16) is true then (1.17) is also true for (k + 1). 
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Final argument: for n = | (1.15) is true, and in the previous step it is proven that the next sum, i.e. of 
n = 2 elements, is also correct. Then, by induction, it must be that the next sum of n = 3 elements is 
also correct, etc., for any subsequent sum of n elements. 


1.45. Given sum of n inverse binary odd number products 


1 1 ‘ 1 ree) 1 oon 
ieS 265. 557 (Qn—1)(Qn+1) 2n+1 


(1.18) 


Proof and derivation of sum (1.18) is based on the three step procedure mathematical induction 
technique 


1. Case: n=1 given identity (1.18) must be true. 


1 1 1 


= = a ae 
' 8 hooray “iat 3° 3 


which simply proves that (1.18) is true for n = 1. 
2. Assumption: given that the identity is true for n = 1, it should be true for other n = k, i.e. 


1 1 i 7 1 _ ok 
i ea Se = DGEL 1.  3e44 


(1.19) 


3. Case: n =k +1 assuming that the identity (1.19) is true for n = k, it must be proven that it is 
true for the next natural number, i.e. = k + 1. That is to say, when the following term is added as 


1 1 1 1 1 

S = ak 

w= 755.5 54  ' Oke Gee Gee )Orea) 
a 


Sk 
" ae 1 kk + D2 +3) + 2k+1) 
(Qk+DQk+3) 2k+1. k+)Qk+3) (@k+DOk+ DOk+3) 


(k-+1)(k(2k + 3) + 1) 2k? +3kK+1 — (kK+DQkY k+l 


~ (Qk+T 2+ D243) OkK+DQK43)  QOk+H2k+3) 2k+N)+1 
(1.20) 


= Sx 


Obviously, (1.19) is in the same form as (1.20) after ‘k — (k + 1)’ replacement. In conclusion, 
if (1.19) is true then (1.20) is also true for (k + 1). 


Final argument: for n = | (1.18) is true, and in the previous step it is proven that the next sum, i.e. of 
n = 2 elements, is also correct. Then, by induction, it must be that the next sum of n = 3 elements is 
also correct, etc., for any subsequent sum of n elements. 


Elementary Special Functions 


Delta function is defined as 


d(t)=0; (t #0) 


[swat 


Geometrical interpretation of Dirac function 6(t) is that its area is normalized to one (as definite 


7 


Check for 
updates 


integral), even though its height tends to infinity while at the same time its length tends to zero (thus, 


strictly speaking, its area A = 0- oo is not determined). 
The main properties of Dirac delta function 6(t) are the following: 


1. It is an even function, i.e., 5(f) = 6(—1) 


[o.@) 
2. Sampling property, / x(t)d(t) dt = x(0) 
CO 


if x(t)d(t — to) dt = x(to) 


b 
; x(t)d(t — to) dt = 


a 


fie fo € (a, b) 


0, otherwise 


Problems 


2.1 Basic Special Functions 


Sketch graph and give definition of special functions in P.2.1 to P.2.9. 
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2 Special Functions 


2.1. etl! (¢,@eER) 2.2. sinc (t) 2.3. Heaviside u(t). 
2.4. sign (t) 25. 2.6. II(t) 

2.7. A(t) 2.8. 3(t) 2.9. Il 7(t) 

2.2 _ Derivatives and Integrals with Special Functions 


Calculate derivatives and integrals in P.2.10 to P.2.29. 


2.10. 


2.12. 


2.14. 


2.16. 


2.18. 


2.20. 


2.22. 


2.24. 


2.26. 


2.28. 


u'(t) 
r'(t) 


A'(t) 


[sa-aar 


i t? 5(t +2) dt 
/ sin(2.5 2 t) 8(t — 1) dt 


a 2 
/ e™ &t+1)dt, (a>0) 
0 


2.11. 


2.13. 


2.15. 


2.17. 


2.19. 


2.21. 


2.23. 


2.25. 


2.27. 


2.29. 


sign’ (t) 


TT'(+/2) 


/ sign (tT) dt 


t 


/4 
/ A(t) dt 


[., 


i 


3 


/ 8(t — 4) dt 


oe) 
t? 5(t +2) dt 


oe) 


e 8(t +1) dt, (a>0) 


Co 


[ ws0- dt, aeR 


2.3 Special Functions Relations 


2.3. Special Functions Relations 
Derive relationship of functions in P.2.30 to P.2.33. 


2.30. u(t) as function of sign (ft) 


2.32. [1 (¢/2r) as function of u(t/2r) 


2.31. I (‘/2r) as function of 5(t) 


2.33. I(t) as function of sign (t) 
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26 2 Special Functions 
Answers 


2.1 Basic Special Functions 
2.1. Complex exponential function 

x(t)=e*' where, s=o+jm and o,wER 
may be written as 


x(t) = ection! — ptt pjot — e'( cos(wt) + j sin(wf) 
————o — oe? 
R (x00) S(x@) 


x*(t) = ef JO = eM e Jol — e*'(cos(wt) — j sin(wt)) 


where, e”’ is a real exponential function, while e*/®" is a strictly complex exponential function. 
Then, after applying Euler’s formula, it is evident that complex exponential term by itself consists of 
cosine (along real axis) and sine (along the perpendicular imaginary axis) functions, Fig. 2.1 (left). 
As the argument ¢ progresses, amplitudes of the two trigonometric functions is multiplied by the real 
exponential term. 

Case 1: o = 0, w = 0: complex exponential function becomes a constant. 


ag) =e et =e Se = 1 fareal constant} 


Case 2: o > 0,@ =0: real part is positive and imaginary part is zero. Therefore, only the real 


exponential term is left. 
x(t) = et iot — eotiOt — est {a real exponential function } 


Case 3: ¢ =0,@ 4 0: real part is zero and imaginary part is non-zero, therefore only the strictly 


complex exponential term is left. By consequence, amplitudes of both sine and cosine functions are 
constant +1, Fig. 2.1 (right). 


—cos(@t + 9) 
—- e*,(o =0) 


L 
0 


Fig. 2.1 Example P.2.1 


2.1 Basic Special Functions 


x(t) = eC tio — eOtioyt = eieot — (cos(wt) + j sin(wt)) 


{a strictly complex exponential function | 
In addition, the sum and difference of complex conjugate exponents give 


x(t) +x*(t) = el?! + eI"! 
= (cos(w t)+ j sin(@ t)) + (cos( t) — j sin(@ t)) 
= 2cos(wt) 
eft 4 e-jot 
2 


x(t) — x*(t) =e?! —e Je! 


cos(@t) = 


= (cos(w t) + j sin(@ t)) _ (cos(w t) — j sin(@ t)) 
= 2] sin(wf) 
jot e Jet 


sin(wt) = 
2j 
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Case 4: o > 0, #0: increasing real exponential function multiplies amplitude of both cosine 


function along the real axis, and sine function along the imaginary axis, Fig. 2.2 (left). 


Case 5: o <0,@ #0: decreasing real exponential function multiplies amplitude of both cosine 


function along the real axis, and sine function along the imaginary axis, Fig. 2.2 (right). 


Reminder: Depending on specific values of (o, @ € R) complex exponential function e©*/®)’ 


transforms to a constant or other fundamental engineering functions. 


—e"' cos (@t+¢) 
—- ee" (o >0) 


L 
0 


Fig. 2.2. Example P.2.1 
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Fig. 2.3 Example P.2.2 
1 
Ok 
—=20 0 20 
Fig. 2.4 Example P.2.3 
u(t) 
1 ne 


2.2. Cardinal sine function sinc(t), see Fig. 2.3, is analytically defined as 


. sin t . sin(z t 
sinc (t) = —— or, sinc (zt) = we 


wt 


where the last definition is normalized to 2. Cardinal sinus function is not defined for t = 0, however 
when ¢t — 0 it limits as sinc (0) — 1 (see the limits chapter in Calculus book). To indicate that point 
(0, 1) is not included, it is marked with the crossed circle symbol. 


2.3. Heaviside u(t), see Fig. 2.4, is a piecewise linear function that is analytically defined as 


0, t<O ie. lim,o u(t) =0 


u(t) = 


1, r>0 ie. limo u(t) =1 
Step function u(t) is not continuous at f = 0, where by agreement u(t) = 1 for t > 0. To indicate 
that point (0, 0) is not defined, it is marked with the crossed circle symbol. Note that limit at t = 0 


does not exist because the left and right side limits are different. 


2.4. Piecewise linear sign(t) function, see Fig. 2.5, is analytically defined as, 


2.1 Basic Special Functions 


Fig. 2.5 Example P.2.4 


Fig. 2.6 Example P.2.5 


1 
0 
0 1 
-1,t<0O 
sign (t) = 0,t=0 ie. lim, 0 sign (t) = —1 


1,t>0 ie. lim,.o sign(t) = 1 


or, alternatively, relative to absolute function 


ttl 
sign) = = Ge Vx £0 


By agreement, point of discontinuity at f = 0 is declared as sign (0) = 0. 


2.5. Piecewise linear ramp function r(f), see Fig. 2.6, is analytically defined as follows. 


t< 
ee 0,¢<0 


t, t>0 


Note that ramp function is well defined for t = 0, however the left and right side derivatives are not 
the same (r’(t) = 0, t < 0, andr’(t) = 1, ft => 0). Alternative analytical definition of ramp function 


may be 


r(t) =tu(t) 


because, for t < 0 the product of any function (thus including linear function y(t) = t) with u(t) 


equal zero. 
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Fig. 2.7 Example P.2.6 | 


Fig. 2.8 Example P.2.7 


—T/, 0 T/2 


2.6. Piecewise rectangular function I(t), Fig. 2.7, is analytically defined as 


T T 
2 


t 1, -~>t> 
1 es 
Tr 0, otherwise 


Where, T is the length of non-zero interval centred around the origin. By agreement, the two points 
of discontinuities at f = +7/2 are declared as II(+7/2) = 1. It should be evident that limits at two 
discontinuity points ¢ = 7/2 are not existent. As shown in Ch. 5, P.5.10 and P.5.15, IT (¢) and sinc (w) 
are dual functions in respect to Fourier transformation. 


2.7. Triangle function A(t), Fig. 2.8, is analytically defined as 


i +1 Yet <0 
; a go 
a(z)= io" Gere— 
r ye 


0, otherwise 


Where, parameter 7 is the length of non-zero interval centred around the origin. Note that triangle 
function is well defined for Vt, however the left and right side derivatives at t = +7/2 and t = 0 are 
not the same. 
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Fig. 2.9 Example P.2.8 


Note that A’(t) = 0, |t| > 7/2, but A’(t) = 2/7, —T/2<t <0, A’(t) = —2/7, O<t < 7/2. As 
shown in Ch. 5, P.5.11, A(t) and sinc?(@) are dual functions in respect to Fourier transformation. 


2.8. Dirac delta function 6(r), Fig. 2.9, is defined by the means of definite integral as 


[smart 


8(t) =0, 140 


Dirac delta function therefore equal zero for all t, except at t = O where, because being defined 
by definite integral, its area is normalized to one, as indicated at y—axis (its height is infinite). By 
consequence, the product of any continuous function and Dirac delta results in only one non-zero 
point, assuming that Dirac delta is found in the given interval. 


Reminder: Main properties of 5(t) are: 


1. it is an even function, i.e. 5(t) = 6(—f) 


[o,@) 
2. sampling property, / x(t)d(t) dt = x(0) 
CO 


iL x(t)d(t — to) dt = x(to) 


b 
/ x(t)6(t — to) dt = he to € (a, b) 


0, otherwise 


2.9. Dirac comb (a.k.a. “sampling”) periodic function II7(t) is created by a sum of equidistant 
Dirac functions, Fig. 2.10, analytically defined as 


(oe) 


W(t) = > 8@-kT) 


k=—00 
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Fig. 2.10 Example P.2.9 


=2f =f 0 YF 2F 


where, T is sampling period, thus sampling frequency is f; = 1/7. Using periodically placed 
Dirac delta functions enables sampling of arbitrary number of sampling points—each product of the 
particular Delta function with any continuous function results in one non-zero product. Dirac comb 
is the key function for “analog to digital” (A/D) signal conversion. 


2.2. _ Derivatives and Integrals with Special Functions 


2.10. Derivative u’/(t) may be deduced from graphical interpretation, Fig. 2.11 (left). Obviously in 
the two intervals where t 4 0 the step function is constant, therefore by definition, its derivative is 


1. Case t < 0: then u(t) =0 > u(t) = 0, 

2. Case t > 0: then u(t) = 1 > u'(t) = 0, and 

3. Case t = 0: then as the interval between u(t) = O and u(t) = | tends to zero, i.e. At — 0, the 
rate of change between ‘0’ and ‘1’ tends to infinity, which by definition creates Dirac function. In 
other words, as t > 0, 


In summary, the zero time change between between ‘0’ and ‘1’ levels shows as Delta function. 
Physical interpretation may be that zero time change requires an infinite amount of energy. 


2.11. Derivative sign’ (t) may be deduced from graphical interpretation, Fig. 2.11 (right). In the two 
intervals where t ~ O sign function is constant, by definition, its derivative is 


1. Case t > 0: then sign (t) = +1 => sign’ (t) = 0, 

2. Case t < 0: then sign (t) = —1 => sign’ (t) = 0, 

3. Case t = 0: then as the interval between sign (tf) = —1 and sign(t) = 1 tends to zero, i.e. 
At — 0, the rate of change between ‘—1’ and ‘1’ tends to infinity, which by definition describes 
Dirac function. However, the vertical change covers two units, each associated with “one Dirac’, 
in other words, as t > 0, 


d sign (t) 


WT 2) 
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Fig. 2.11 Examples P.2.10, P.2.11 


Fig. 2.12 Example P.2.12 r(t) 
1 
ri)=t 
0 const. t 
0 1 
r'(t) =u(t) 
1 tn, | 
ritj=l 
r'(t)=0 
' (t) t 


In summary, the zero time change between between ‘+1’ levels shows as two times Delta function. 


2.12. Derivative r’(t) may be deduced from graphical interpretation, Fig. 2.12. Obviously for t < 0 
ramp function is constant and it is linear for t > 0, therefore by definition its derivative is 


1. Case t < 0: thenr(t) =0>r'(t) =0, 
2. Caset > 0: thenr(t)=t>r'(t)=1 


In conclusion, for t < O derivative r’(t) = 0 and for t > 0 derivative r’(t) = 1, which is identical to 
definition of Heaviside step function u(f). 


2.13. Derivative IT’(‘/2) may be deduced from graphical interpretation, Fig. 2.13. Obviously, except 
at the two discontinuity points f = +1 rectangular function is constant, therefore by definition, its 
derivative is 


1. Caset < —1: then (2) = 0 > I'(*2) = 0, 
2. Case -1 <1 < 1: then W(t2) = 1 > W(t2) =0, 
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const. const. const. | const. 


Fig. 2.13 Examples P.2.13, P.2.14 


Ww 


. Caset > 1: then 1(¢/2) = 0 > TI'(*/2) = 0, 

4. Case t = —1: then as the interval between IT(‘/2) = 0 and II(‘/2) = 1 tends to zero, i.e. At > 
0, the rate of change between ‘0’ and ‘1’ tends to infinity, which by definition describes Dirac 
function. In other words, as t > —1 (see A.2.22), 


d II(‘/2) 
=é(t+1), t=-l 
i G+ Dy 4 ) 
5. Case t = 1: then as the interval between IT(‘/2) = 0 and II(‘/2) = —1 tends to zero, i.e. At > 0, 


the rate of change between ‘0’ and ‘—1’ tends to negative infinity, which by definition describes 
negative Dirac function. In other words, as t > 1, 


dT) _ og ge 
7 EHD, =D 


In summary, at each discontinuity point of I1(‘/2) the rate of function’s change tends to infinity; to 
positive infinity at t = —1 and negative infinity at tf = 1, as indicated with the two Dirac functions in 
Fig. 2.13 (left). 


2.14. Derivative A’(t) may be deduced from graphical interpretation, Fig.2.13 (right). There are 
four distinct intervals, thus its derivative is 


1. Case t < —1: then A(t) =0=> A’(t) =0, 

2. Case -1 <t<0:then AQ) =14+1t> A’(H = 1, 
3. CaseO <t < 1: then A(t) =1—t> A(t) =-1, 
4. Caset > 1: then A(t) =0> A’(t) = 0, 


In summary, even though A(t) is continuous, its derivative is a piecewise linear non—continuous 
function. 


2.15. Sign function equal ‘—1’ for negative t, and ‘+1’ for t > 0, thus (by employing temporarily 
variable T) 


2.2 Derivatives and Integrals with Special Functions 35 


Case 1: t <0 
0 0 0 0 
/ sign (T) ar= f sign(t) dt = (-l)dt= -T = —(0-(-1)) =-1 
—t —t —t —t 
Case 2: t>0 
t t t t 
/ sign (T) ar= | sign (T) ar= [ ()dt=t| =(t—-0)=t 
0 0 0 0 


In summary, see Fig. 2.14 
—t (t <0) ae 
[sen dt = SO) ie 
t (t>0) 


2.16. Step function equal zero for t < 0, and equal one (i.e. a constant) for tf > 0, thus (by employing 


temporarily variable tT) 


Case l: t <0 


0 0 0 
i u(r) de = | u(t) de = | dt =0 


Case 2: t>0 


[umar= [wear | tac=f dt=T 
0 0 0 


0 


Fig. 2.14 Example P.2.15 


— sign (f) 
— sign (¢) dt 
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In summary, 


[ ot ee ae () 
u(t (— =P 
ies 0; t<0O 


which should be easy to visualize, for f > 0, as area of a rectangle whose height equal one and its 
length, i.e. t, increases linearly increases. 


2.17. Ramp function equal zero for t < 0, and t for t > 0, thus (by using temporarily variable tT) 


Case l: t <0 
0 
0 0 0 
i ra)de= f rade = f dt =0 
—0oO —090: CO 
Case 2: t>0 
t t t 1 t 2 
i ryder = [ r)de= | tdt=>t 5 
In conclusion, 
2 
: ae t>0 tr? 
r(t)dt=% 2 = = a u(t) 
=00 0; t<0O 


Ghee 
Ti—)j= 
r 0, otherwise 


that is to say, T = 1, see Fig. 2.15 (left). Defined integral results in area between function and the 
horizontal axis, in this case calculated over three distinct intervals 


lo) —1/2 1/2 lo) —!P V2 lo) 
/ T(t) a= | T(t) arf mt) a+ | mt) a= | oar+ f 1dr f Odt 
—0o —0o —l/2 1/2 —0o —l/2 V2 


V2 1/2 
=| dt=t 
=I 


The only non-zero area is within the (—!/2, 1/2) interval. From the elementary geometry, it is evident 
that rectangular area is height times length, which in this case equal one square unit despite infinite 
bounds of the integral (because, elsewhere port function equal zero). 


=1 
=1/2 


2.19. By definition, see P.2.6, rectangular function is 
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-1/2 0 1/2 —1/2 -1/40 1/4 1/2 


(r= 
T{—])= 
r 0, otherwise 
ie. T = 1, see Fig. 2.15 (right). Resulting non-zero area between function and horizontal axis, is 
oo —!/2 V4 —l/2 V4 
i mq) ar= f mr) ar + f mq) ar= f oars [ 1 dt 
—oo —0o —!/2 —0o —l/2 


a | 1\ 3 
1, dt=t =4-(+3)=3 
—1/)2 —I/2 4 2. 4 


Evidently rectangular area is height times length, i.e. three quarters of a square unit. 


2.20. By definition, see P.2.7, triangular function is 


+1, -Tr<1<0 


T/2 
t t 
a(z)= 1—-—_, 0<t<Tp 
T/2 


0, otherwise 
that is to say, T = 1, see Fig. 2.16 (left). That being the case, this triangular function is 


%#+1, -Ip<1<0 
A(th=4 1-21, O<1t<'p 


0, otherwise 


Result of a defined integral is area between function and horizontal axis, as 


oe) —1/2 0 1/2 lo) 
/ A(t) a= | A(t) a+ | A(t) ar [ A(t) a+ [ A(t) dt 
ane = 0 V 


oo —12 2 
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A(/1) 


Y 


“1p 0 1/2 -1/2 O 1/4 1/2 


Fig. 2.16 Examples P.2.20, P.2.21 


—I/ 0 Wp [oe] 
= | Odt+ +2 a+ | (= 2n ar | 0 dt 
7 0 1 


lo) —1/2 2 


=1/2 =1/2 


Evidently, triangular area is height times length divided by two, i.e. a half square unit. 


2.21. By definition, see P.2.7, triangular function is 


T 
—-+1, -~<1t<0 
P Tat 2 
A(—)= t T 
T 1- , O<t<- 
T/2 2 


0, otherwise 
that is to say, T = 1, see Fig. 2.16 (right). That being the case, this triangular function is 


2t+1, —2<t<0 
A(@t)=41-2t, 0O<t<'p 
0, otherwise 


Result of a defined integral is area between function and horizontal axis, in this case calculated 
over three distinct intervals 


oo —Ip 0 V4 
/ A(t) ar= | A(t) a+ | A(t) arf A(t) dt 
—0oo = Ip 0 


[oe] 


—Yp 0 V4 
a | Odt+ (+2 ar+ | (1 — 2t) dt 
a 0 


lo) —1/2 
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1/2 =1/2 


The only non-zero area is within the (—!/2, !/4) interval, which in this case equal 7/16 square units 
because of the integral bounds that do not cover complete non-zero interval. 


2.22. By definition, see P.2.8, Dirac delta function is 


[smart 


s(t) =0, t#0 


Another way of reading this definition is to say that Dirac delta is located at coordinate where its 
argument equal zero. That is to say, 5(t) is located at t = 0 and equal zero for all t 4 0. 


So where is 5(t — 4) located then? Its argument is ‘t — 4’, therefore this Dirac delta is located at 
the coordinate where its argument equal zero, that is 
t—4=051r=4 
as illustrated in Fig. 2.17 (left). That being the case, the coordinate of Dirac delta t = 4 is still within 


the integration interval (—oo, 00), see Fig. 2.17 (left). By consequence, the calculated integral equal 
zero for all t # 4 except in single point t = 4 that is covered by Dirac delta, thus 


_— 


oe) 
’¢—4) dr=1 
lo @) 


2.23. As already shown in P.2.22, argument of this Dirac delta is ‘t — 4’, therefore it is located at the 
coordinate where its argument equal zero, that is 


]6(¢—4) 5(t—4) 


oO 
& 
oO 
ww 
& 


Fig. 2.17 Examples P.2.22, P.2.23 
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as illustrated in Fig. 2.17 (right). That being the case, the coordinate t = 4 is not anymore within the 
integration interval (—oo, 3), which is to say that the non-zero area of Dirac delta (equal to one) is 
not included in the total calculated area whose interval is illustrated by shading in Fig. 2.17 (right). 
By consequence, within given integration interval Dirac delta function always equal zero, thus 


3 0 
/ b(—4y dt =0 
—0o 


2.24. As already shown in P.2.22, argument of this Dirac delta is ‘t + 2’, therefore it is located at the 
coordinate where its argument equal zero, that is 


t+2=05>t=-2 


Given f(t) = t?, product f(t) 6(¢ + 2) equal zero within the shaded interval, see Fig. 2.18 (left), 
because 5(¢ +2) = 0 for all t 4 —2, by consequence ‘0- f(t) = 0’. However, at single point t = —2 
Dirac delta is not equal zero, and f(—2) = (—2)* = 4. That being the case, their non-zero product, 
and therefore integral, is calculated as 


Casel: t #—-2 


oe) CO CO 
/ Poe+2dr= f Pod= [ Odt =0 
— OO —0o —0o 


Case 2: t= —2 


oe) oe) CO 1 
/ Poe+2dr= f (290042 dr=4f serovar =4 


because, see A.2.22, Dirac delta at 6(t + 2) is still within the integration interval, thus its integral 
equal one. This is known as “sampling property” of * f(t) 5(t)’ product, see Fig. 2.18 (left). 


6(t+1) 5(t+1) 
4}+ 
1 HTTTTTTTTOW TUTTI, | a 3 A dd, 
(1) 6(t+1) =07 ()6(¢+1) =07 
0 0 ; 


Fig. 2.18 Examples P.2.24, P.2.25 
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2.25. As already shown in P.2.22, argument of this Dirac delta is ‘t + 2’, therefore it is located at the 
coordinate where its argument equal zero, that is 


t+2=0>5>r=-2 


that is to say, outside of the given interval (—3/2, +00). Given f(t) = t7, product f(t) 5(t + 2) equal 
zero within the integration interval (shaded), see Fig. 2.18 (right), because 6(t+2) = 0 for all t 4 —2 
and by consequence ‘0- f(t) = 0’. As Dirac delta is outside of the integration interval, 


CO ioe) CO 
/ Poe +2dr= f Pod= [ Odt =0 
3/2 —3/2 3/2 


which is expected, see A.2.23, as Dirac delta at 6(¢ + 2) is not within the integration interval. 


2.26. Given, 
co 
i sin(2.5 m t) d(t — 1) dt 
—0o 
it follows that Dirac delta is located at ‘* - 1 = 0 => t = 1’. Consequently, the product 


“sin(2.5 w t) 6(t — 1)’ is not equal zero only at ‘t = 1’, see Fig. 2.19. Thus, 


ioe) oe) oe) 1 
: sin(2.57 1) 6(t — 1) dt = / sin(2.52 x 1) 8(t—1) dt = sins) | _ae—tyd™ 
—0o SS —oo 


const. 
= sin(2.5 7) = sin(7/2) 
=1 


2.27. Given 


; e“’ §(¢ +1) dt, (a> 0) 


(oe) 


Fig. 2.19 Example P.2.26 
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d(t+1) 


flo) Ne 
Wi 


Fig. 2.20 Examples P.2.27, P.2.28 


position of 6(¢ + 1) isatt+1=0 .. t = —1, which is inside the bonds of given definite integral, 
see Fig. 2.20 (left). Then, 


oe) a CO FI oe) 1 
/ e §(t+1) a= | eo si¢+ 1) di =e" [ sera =e" 
oo —oo —oo 


2.28. As oppose to P.2.27, as 5(t) is not found within the bonds of definite integral, then for ‘t 4 —1’ 
all products equal zero because 4(t) = 0, see Fig. 2.20 (right), and, 


oY a ve bd 0 “2 
/ ec s¢+iydte=] oe s-+ty” a= f Odt=0 
0 0 0 


2.29. Considering that 6(t — a) is located at tf = a, which is certainly within interval t € (—oo, oo), 
then 
00 1 


[ xo0-a a= f- x(a) 6(t — a) dt = x(a) a)dt =x(a) 


—co 


2.3 Special Functions Relations 

2.30. One way to derive sign (tf) as function of u(t) may be by a couple of simple transformations as 
illustrated in Fig. 2.21. In the first step, see Fig. 2.21 (left), u(t) is multiplied by factor two to create 
2u(t) whose amplitude equal two when t > 0, see Fig.2.21 (centre). In the second step 2u(t) is 
shifted down to create 2u(t) — 1, which is identical to sign (t) . Thus, 


sign (t) = 2u(t) — 1 


As a side note, derivative 


d d d 
7 ue) -1)= 2—-u(t) — (= {see A.2.10} = 28(r) 
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2 u(t) | 2 a ———s 2 |— 2u(t)—1 


0 0 0 


Fig. 2.21 Example P.2.30 


Fig. 2.22 Example P.2.32 


a es ee 
u(t+T) } 1 

— a 

1 u(t —T) ——— 


: TI (+/22){ | ; 


+ 


aan 0 T 


which is same result as already derived in A.2.11. 


2.31. As already shown in P.2.13 and Fig. 2.13, derivative of rectangular function I1(*/27) may be 
expressed as function of Dirac delta as 


d 

Ae 7) 
2.32. One possible relation between I1(‘/27) and u(r) is illustrated in Fig.2.22, where one step 
function may be advanced and one delayed in time. The difference between these two u(t) functions 
produces I] (‘/27) as 


Tl (tar) = u(t +t) —u(t —7) 


which is deduced by calculating the difference within each piecewise interval. For example, within 
the interval t € (—T, T), 


u(tt+t)=1 and u(t—t)=0 


a+) —u(t—1) =1-0=1 


2.33. One possible relation between II(t) and sign (f) is illustrated in Fig. 2.23. On the left side, 
it is shown how to create two sign(t) functions: one advanced by Tt, Fig.2.23 (left, top), one 
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+ 5 


| 


-~ sign(¢ +7) | 
| 
l 


| sign(t — T) > = ae 
| 


— 


+ 


| 
—sign(t —T) | 


—T 0 


Fig. 2.23 Example P.2.33 


or 


2 Special Functions 


r sign(t +7) 


delayed by t, Fig. 2.23 (left, centre), and then inverted, Fig. 2.23 (left, bottom). Then, two functions 
sign (t + tT) and sign (t — T) are added and divided by two (because 1 + 1 = 2) to create II (‘/2r), see 
Fig. 2.23 (right), as summarized by equation 


2T 


! : (t ) : i (t ) 
= x=sign(t+T) — =sign(t —T 


® 


Check for 
updates 


Continuous Time Convolution 


Convolution integral is defined as 


z(t) = x(t) * y(t) = i x(t) y(t—T) dt (3.1) 


—co 


where Tt is the provisional integration variable. That is to say, at any given instance of time f, the 
products of the two functions x(t) and y(t — T) are integrated relative to the parametric variable 
t. It is important to realize that, being definite integral, the result of convolution integral may 
be interpreted as time progression of “area under the curve,’ where in this case “the curve” is the 
product x(t)h(t—T) functions. Therefore, in the preparation part, it is necessary to perform a series of 
function transformations to realize the two required functions, i.e., x(t) > x(t) and y(t) > y(t—T). 


Energy and power: the basic relationship between energy and power within a time interval f is 


E(t)= / P(t) dt 
0 


Given a signal x(t), its energy E,, and average power (P,,) may be calculated in multiple ways: 
Reminder: Note that |x(¢)|" = x(t) x*() 


(a) Energy within a time interval (¢,, f2) 


ty 
B,= f Jx@|? de 


q 


(b) Total energy 
- 2 
B=} |x(t)|° dt 
—0o 
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(c) Average power within a time interval (f1, f2) 


1 f 
(P,) = / |x|? at 


bh —- ft 


(d) Average of total power 


Problems 

3.1. _ Basic Function Transformations 

Given x(t) function in Fig. 3.1, sketch graphs of functions as defined in P.3.1 to P.3.4. 

3.1. x(t — 2) 3.2. x(—1) 3.3. x(2r) 3.4. x(0.2r) 
3.5. Given x(t) function in Fig. 3.2, deduce and sketch graph of y(t) = x(2t + 3). 


3.6. Given x(t) function in Fig. 3.3, show graph of y(t) = x(—*/2 — 4). 


Fig. 3.1 Examples P.3.1 
to P3.4 


t 


| 
= 


Fig. 3.2. Example P.3.5 
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Fig. 3.3 Example P.3.6 


Fig. 3.4 Example P.3.7 


3.2. Function Synthesis and Decomposition 


Reminder: given arbitrary x(t) function may be decomposed into sum of its even x,(t) and 
odd x;(t) functions that are defined as 


x(t) = Ss (3.2) 
Oe a (3.3) 


Verification: 


x(t) + x(—1) i x(x) _ x fs x(t) ce x(t) x(t) 


t Hl = 
AE) a) ) 2 2 2 2 2 


= x(t) 


Given functions in P.3.7 to P.3.11, do the required syntheses/decomposition operations. 


3.7. Given x(t) function in Fig. 3.4, decompose x(t) into a sum of one even x,(f) and one odd x; (t) 
function so that x(t) = x,(t) + x;(¢), and then show their respective graphs. 


3.8. Show the graphical representation of the following function: 
x(t) = 3u(t) + r(t) — r(t — 1) — Su(t — 2) 


3.9. Derive the analytical form of function x(t) given in Fig. 3.5. 
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Fig. 3.5 Example P.3.9 


Fig. 3.6 Example P.3.10 


Fig. 3.7. Example P.3.11 


Fig. 3.8 Example P.3.12 


3.10. Derive the analytical form of function x(t) given in Fig. 3.6. 


3.11. Derive the analytical form of function x(t) given in Fig. 3.7. 


3.3 Continuous Time Convolution 
Resolve convolutions in P.3.12 to P.3.18. 
3.12. Calculate y(t) = x(t) * A(t), where x(t) and h(t) are given in Fig. 3.8. 


3.13. Calculate z(t) = x(t) * y(t), where x(t) and y(t) are given in Fig. 3.9. 
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x(t) 


~ 


Fig. 3.9 Example P.3.13 


3.14. Calculate z(t) = u(t) * u(t). 
3.15. Calculate y(t) = x(t) * A(t), given 


x(t) =(u¢+ 1) —u(t—1))t 
h(t) = (ut + 2) — u(t)) 


3.16. Calculate x(t) = A (1/2) * A (#/2). 
3.17. Calculate z(t) = x(t) * y(t), where x(t) = u(t) and y(t) = ft? u(t). 
3.18. Calculate w(t) = x(t) * v(t), given 


1—t; 0<t<il e; t>0 
x(t) = ; and, v(t)= . 
0; otherwise 0; otherwise 


3.4 Energy and Power 


Given x(t) functions, calculate their respective energies and powers in P.3.19 to P.3.33. 


3.19. x(t) = 21 (¢ — 1) 3.20. x(t) = A(t) 3.21. x(t) = (1/4 = Fr) T(t) 
3.22. x(t) =a (a=const.) 3.23. x(t) = u(t) 3.24. x(t) = u(t) 

3.25. x(t) = sin(t) 3.26. x(t) =aei%! 3.27. x(t) = 1 + cos(2f) 
3.28. x(t) =e u(t) 3.29. x(t) =e" 3.30. x(t) =e" 


3.31. x(t) =r(t) 3.32. x(t) =e! u(t) 3.33. x(t) = (1 — x7) u(-t) 
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Answers 


3.1 Basic Function Transformations 


3.1. After adding a constant +a to its argument, the function does not change its original form while 
it translates along the horizontal axis by distance =a. 

In the case of piecewise linear functions, it is sufficient to identify coordinates of some typical 
points, such as endpoints of each line segment, and to recalculate their new positions by replacing 
the original argument ¢ with the new argument ¢ + a. Given x(t) in Fig. 3.1, one can notice changes 
(discontinuities) in the function’s shape happening att = —1,¢ = 0, andt = 2. Thus, to apply 
x(t) > x(t, — 2) transformation, where ft, is the new t coordinate of each calculated point, is to say 
that by equalizing the original “(t)” and the new “(t, — 2)” arguments, it follows that 


t .— 
—1 -l=t,-2 

0 0O=t,-2 

2 2=t,-2 


ANRS 


that is to say, all points are shifted in the positive direction by two units, see Fig. 3.10. Note the left 
and right side difference in limits at each point of discontinuity. 


3.2. Following same reasoning as in P.3.1, given x(t) in Fig.3.1, it follows that after applying 
x(t) — x(—t,) transformation the new coordinates of x(t) are calculated as 


t=—t, = % 


- -l=-t, 1 
= —-to 0 
2 2=—t —2 


that is to say, after multiplying function’s argument by “— 1” all points are mirrored (“time reversed”’) 
around the vertical axis, see Fig. 3.11. 


3.3. Given x(t) in Fig.3.1 it follows that after applying x(t) — x(2t,) transformation (“time 
compression’) the new coordinates of x(t) are calculated as 


Fig. 3.10 Example P.3.1 
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Fig. 3.11 Example P.3.2 


Fig. 3.12 Example P.3.3 


Fig. 3.13 Example P.3.4 


= =1= 2%, —1/2 
0 0 = 21, 0 
2 J Op, 1 


that is to say, after multiplying function’s argument by number greater than one, all coordinates are 
“time compressed” by the same factor, see Fig. 3.12. Note the left and right side limits at each point 
of discontinuity. 


3.4. Given x(t) in Fig.3.1 it follows that after applying x(t) > x(0.2t,) transformation (“time 
expansion”) the new coordinates of x(t) are calculated as 


=| —1=0.21, —5 
0 0 = 0.21, 0 
2; 2 = 0.2t, 10 


that is to say, after multiplying function’s argument by number inferior to one (or, equivalently, 
dividing by a number superior to one), all coordinates are “time expanded” by the same factor, see 
Fig. 3.13. 
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3.5. Subsequent multiple transformations may be resolved by using various methods. Note the 
points of discontinuities at tf = —1, 0, 1, 2 that are not difficult to follow visually. For example, 


Method 1: Given x(t) in Fig. 3.2 it follows that after applying x(t) > x(2f, + 3) transformation all 
x(t) points are moved to the new coordinates, that may be calculated directly as 


=e —1=2t,43 =9 
0 O=24,43 —3/2 
Mm 1=2t,43 =i 
pa 2 = 24,43 —1/2 


that is to say, all coordinates are “time compressed” and “shifted”, see Fig. 3.14. 


Method 2: Transformation y(t) = x(2t + 3) consists of one compression (i.e 2t) and one delay (i.e. 
+3). If the delay is applied before the compression, then 


delay compression 
x(t) ——> a(t) = x(t + 3) ————> D(t) = a(2t) 


In that case, the two step transformation is as follows 


1. Applying delay x(t + 3) results in (see Fig. 3.15) 


-1 -l=4,+3 = 
0 0=t+3 3 
1 1=14,+3 =) 
2 2=t%+3 = | 


Fig. 3.14 Example P.3.5 


Fig. 3.15 Example P.3.5 
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2. Applying compression a(2t,) results in 


=H —-4=2, =2 
3 -3=2% —3/2 
=u 2 = 2, =1 
| es —I/2 


which is same result x(2t + 3) as already shown in Fig. 3.14. 


Method 3: If compression is applied before delay, then the original delay must be compressed as 
well, 


compression 


delay 3 
x(t) —————> a(t) = x(2t) ——> D(t)=a(t+3)=x (2 (: + >)) 


In that case, the two step transformation is as follows, 


1. Applying compression x (2t) results in (see Fig. 3.16.) 


-1 —-1=2t, —lf2 
0 0 = 2t, 0 
1 1=22, 1/2 
2 2=2t, 1 
2. Applying delay a(t + 3/2) results in 
—1/2 1/2 = t, + 3/2 —2 
0 0=t + 3/2 —3/2 
Ip b= +4/2 -1 
1 l=%4+32 —I/2 


which is in agreement with the previous two methods, as shown in Fig. 3.14. 


Fig. 3.16 Example P.3.5 
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Fig. 3.17 Example P.3.6 


Ee = ie 


- CoO KF WN 


3.6. By following same reasoning as in A.3.5, subsequent multiple transformations may be resolved 
using various methods. For example, 


Method 1: Given x(t) in Fig. 3.3 note points of discontinuity at t = —1, 0, 1, 2, it follows that after 
applying x(t) > x(—1t,/2 — 4) transformation all x(¢) points are moved to the new coordinates, that 
may be calculated directly as 


Si —-1=-1,/2-4 —6 
0 0=-1,/2—4 = 
1 1=-1,/2-4 =i) 
2 fo2p 7-4 =43 


that is to say, all coordinates are time “inverted”, “expanded” and “shifted”, see Fig.3.17. As an 
exercise, this example may be solved using the other two methods in A.3.5. 


3.2. Function Synthesis and Decomposition 


3.7. Given function in Fig. 3.4 is piecewise linear, its even and odd functions (3.2) and (3.3) may 
be deduced by using graphical technique. That is to say, by adding or subtracting all line segments 
within each individual interval. 

Two summing terms, x(t) and x(—t), that are needed to derive even function x,(t), are shown 
Fig. 3.18 (eft). Summation of linear segments making these two terms is done interval by interval as 
follows, 


x(t) O 0,0 O 0,1 1 1,0 t 1,1 1 1,0 O 
x(-t) O O,1 1 1,1 -t O,1 1 1,0 0 0,0 0O 


For example, at t = 0 the left/right side summations x(t) + x(—t) (see Fig. 3.18 (left)) are 


x(t)+x(-t) 140 1 


t=0: 
= 2 2 2 
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Fig. 3.18 Example P.3.7 


is x(t) + x(—f) _O+1 _ 1 


2 2 2 


The difference (3.3) between x(t) and x(—t) (see Fig. 3.18 (right)) is 


Verification: sum x(t) = xp(t) + x;(t) is analytically confirmed as (see Fig. 3.19) 


ee aa ae eae ae 
X,(t) O a 2 V2 ThA (0/2 2. G G+)/2 1,2 2 12,0 


a> > 


xi(t) O 0, = 1p -' = 12,0 (+1)/2 ip. = 12 (-D/2 Ne Ya Ps > 


3.8. Function x(t) may be synthesized by summation of the basic terms in the form of u(t) and r(t) 
functions. The individual terms needed to derive function x(t) are shown Fig. 3.20 (left). Summation 
of all four terms is done interval by interval as follows, 
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Fig. 3.19 Example P.3.7 


1 [Tain] 


A ee eee 


t 


2 
i/2 | x;(t) = 
0 A 


3u(t) + r(t) — r(t—1) — 5u(t —2) 
4 4 | 
3 3 
0 0 
t 
1 1 
5 B) 


Fig. 3.20 Example P.3.8 


3u(t) O 0, 3 3 3,3 3 3, 3 3 

r(t) O 0,0 t i,t t “9, 7) t 
—r(7t—1) 0 0,0 0 0,0 1-t ool 1-t 
—S5u(t—2) 0 0, 0 0 0, 0 0 © ae —5 


and drafted in Fig. 3.20 (right). Note that the left and right side limits are not same at discontinuities. 


3.9. There are infinite ways to synthesize function x(t) given in Fig. 3.5, thus any possible analytical 
form that corresponds to x(t) is not unique. Nevertheless, arguably simplest analytical form may be 
deduced by following changes interval by interval. For example: 


1. Interval from minus infinity to minus one: x(t) starts as 2u(t + 2), see Fig.3.21 (top). Then, 
at f = —1 its amplitude is reduced by one, which may be forced by adding —u(t + 1), see 
Fig. 3.21 (bottom). 
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Fig. 3.21 Example P.3.9 


Fig. 3.22 Example P.3.9 


Fig. 3.23 Example P.3.9 


a 


2 x(t) 
1 reo 
0 

=, ee 


1 0 1 2 


Fig. 3.24 Example P.3.10 


r(t—1) 


: u(t) +r(t—1) 
0 


0 1 2 


~ 


~ 


2. The following change of x(t) form happens at tf = 1, which may be forced by adding ramp 
—r(t — 1), see Fig. 3.22 (top). If not cancelled, downward line segment of ramp of —r(t — 1) 
would continue to negative infinity, see Fig. 3.22 (bottom). 

3. In order to cancel —r(t — 1) ramp after tf = 2 point, it is necessary to add positive ramp with the 
same slope, i.e 


—r(t-—1)+r(t—2)=0, (x > 2) 
as is evident in Fig. 3.23 (bottom) so that compete synthesis of x(t) is 
x(t) = 2u(t +2) -—u(t+ 1) —r(t — 1) + r(t — 2) 


3.10. There are infinite ways to synthesize function x(t) given in Fig. 3.6, for example: 
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Fig. 3.25 Example P.3.10 


Fig. 3.26 Example P.3.10 


Fig. 3.27, Example P.3.10 


1. Interval from minus infinity to minus one: x(t) starts as u(t) function followed by delayed ramp 
r(t — 1), see Fig. 3.24 (top). If not cancelled, upward line segment of ramp of r(t — 1) would 
continue to negative infinity, see Fig. 3.24 (bottom). 

2. The following change of x(t) form is at t = 2, which may be forced by adding delayed ramp whose 
slope is two times negative, i.e. —2r(t — 2), see Fig. 3.25 (top). Note that it is necessary to add two 
ramp functions —r(t — 2) so that ramp r(t — 1) for x < 2 is replaced by r(t — 1) — 2r(t — 2) = 
—r(t—2), t > 2, see Fig. 3.25 (bottom). 

3. If not cancelled, downward line segment of ramp of —r(t — 2) would continue to negative infinity. 
In order to cancel it after ¢ = 3 point, it is necessary to add positive ramp with the same slope (see 
Fig. 3.26 (top)), i.e 


—r(t—2)+ri@¢@—3)=0, (x => 3) 
as is evident in Fig. 3.26 (bottom), thereafter x(t) = 1 is constant. 
4. As the next summation term, delayed positive step function u(t — 4) is added after t = 4 point to 
the form derived in (3), as is evident in Fig. 3.27. 
5. Finally, form derived in (4) is added to negative step —u(t — 5) at t = 5 to complete x(f), see 
Fig. 3.28. 
In conclusion, one possible analytical form is 


x(t) = u(t) +r(t — 1) —2r(¢ — 2) + r(¢ — 3) +. u(t — 4) — 2u(t — 5) 


Note how x(t) is formed in ¢ € [1, 3] interval by adding “r(t — 1) — 2r(t — 2) + r(¢ — 3)” ramp 
functions. 
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Fig. 3.28 Example P.3.10 2 (4) 
0 : 
a —2u(t = 5) | 
2 x(t) —+ 
0 a 


Or 
= 
No 
Ww 
& 
n 


3.11. Following the same reasoning as in P.3.10, by inspection of graph in Fig. 3.7, it may be deduced 
that, 


f@) =u +5) + u(t + 3) - sre +3)+ sro — 2u(t) + 3u(t — 3) 


It may be verified, for example at x = 0, 1.e. from the left side, as 


2 2 
FO) = u(0 +5) + u(0 + 3) — gare qr (9) = 24(0) + 3u(0 = 3) 


e 
3 


which is correct coordinate of the point (0, 0) in Fig. 3.7. Similarly, from the right side of t = 0 it is 


2 
=141-7@+z7@-20 +3@=0 


calculated that 


2 2 
FO) = u(O +5) + u(0 + 3) — gr (0 +3)+ gi) = 2u(0) + 3u( 0 —3) 


Z 
3 


Note left and right side values of —2u(0) term, as underlined above. 


, 
=14+1-2@+3@-2@ +3@=—2 


3.3 Continuous Time Convolution 


Convolution integral (3.1) consists of the x(t)h(t — t) product. Therefore, in the preparation part, 
it is necessary to create these two functions by the change of variables method and then to resolve 
their product. First, the change of variable x(t) — x(t) does not change the x(t) function’s form. 
Then, it is necessary to perform a sequence of h(t) transformations, that is to say, to convert h(t) > 
h(t) > h(—t) — h(t —T) function. As the change of variable ¢ into provisional integration variable 
t does not change the original forms of neither x(t) nor A(t) functions, only transformations of 
h(t) — h(t — T) function are illustrated. 


3.12. Graphical method of resolving convolution integral consist the following steps, where the 
original integral form is decomposed into several simpler integrals. 
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Fig. 3.29 Example P.3.12 1 n(t,t) 

0 7,7 

1 A(—T) 

0 t 
=3 =1 0 1 3 

1 —__________ h(—t +t) 

0 T 

—3+t 1+t 


Fig. 3.30 Example P.3.12 


Preparatory work: h(t) > h(t) > h(—t) > h(t — T) transformations. 


(a) h(t) > A(t) transformation does not change form, only the variable t > 1, Fig. 3.29 (top). 

(b) h(t) > h(—T) time inversion transformation results in the mirrored form, Fig. 3.29 (middle). 
Note that t = 0 reference point is still known. 

(c) h(—t) > A(t — T) transformation shifts each point of h(—r) by t, Fig. 3.29 (bottom). Note that 
t = O reference point is not known, it is relative to ¢, thus is resolved case by case. 


Case 1: (t+1)<-1: 


The leading edge of h(t — T) is inferior to (t = —1), in other words, there is no overlapping area 
between h(t — T) and x(t) 


t+1l<-l .. t<-2 


That being the case, it is irrelevant where exactly (¢ + 1) point is relative to the trailing edge of 
x(t) at (t = —1), see Fig. 3.30. What is important is that under (¢ < —2) condition, due to either 
h(t — T) or x(t) equal zero, their product always equal zero 


x(t) h(t —t) =0, Vr 


and by consequence, the convolution integral also equal zero, 


y(t) = / x(t) h(t —t)dt= i Odt=0 (t < —2) 


(oe) 


Case2?: -1<(t+1) <1: 


The leading edge of h(t — tT) is found within t € (—1, 1) interval bound by x(t), however the 
trailing edge of h(t — T) is still outside of this interval (note that h(t — tT) rectangle is longer than 
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x(t)), Le. 


t+l>-1l .. t>-2 
=> -2<t<0 
t+1<l “. t <0 — 


Therefore, within interval tr € (—1,f+ 1), see Fig.3.31, there is the overlapping non-zero area 
because that is where h(t — t) = 1 and x(t) = 1, therefore the convolution integral is 


oo t+1 t+1 
yn = f x(x) ho 1) de = | (1) (I)dt=t =f+1-(-1) 


1 


=t+2 (-2<t<0) 


Case3: (t+1) > 1 and (t — 3) < -1: 


The leading edge of h(t — r) is found at (tf + 1 > 1) while its trailing edge is still (( — 3 < —1), 
i.e. 


t+1>1 “ t>0 
=> 0<t<2 
t=3S—1] 4 ts2 —_ 


Note that h(t — t) rectangle is longer than x(t). Under this condition, see Fig. 3.32, the overlapping 
area is found in the interval t € (—1,+1) where h(t — tT) = 1 and x(t) = 1, in other words it is 
maximal possible overlapping rectangular surface whose area equals two, 


1 


oe) 1 
y(t) = / x(t) h(t -—t)dt= / (1) d)dt=tT 
Z -1 


oo -1 


=9 (0 <1 <2) 


Case 4: (t —3) > —land (t —3) <1: 


The trailing edge at (t — 3) of h(t — tT) entered the t € (—1, 1) interval bound by x(t), which is 
to say that the leading edge at (f + 1) of h(t — t) must be somewhere at t > 1, see Fig. 3.33, i.e. 


t—-3>-1 ..t<2 


=> 2<1t<4 
t-3<1 w t<4 =— 7 


therefore, the overlapping area is found in the interval t € (t — 3, +1) where both h(t — t) = 1 and 
x(T) = lie. 


1 


lo) 1 
y(t) = i x(t) h(t-—t)dt= / (1) d)dt=tT 
—0o t—3 


t—3 


=4-1 (2<1t<4) 
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Fig. 3.31 Example P.3.12 


Fig. 3.32 Example P.3.12 


Fig. 3.33 Example P.3.12 


Case5: (t—3)>1: 


The trailing edge at (t — 3) of h(t — tT) passed completely the x(t) region, i.e. (( — 3 > 1), see 
Fig. 3.34, Le. 


t-3>1.. t>4 


That being the case, it is irrelevant where exactly (t — 3) is relative to the leading edge of x(t) at 
t = 1, see Fig. 3.34. What is important is that under this condition, due to either h(t — Tt) or x(t) 
equals zero, their product is therefore zero 


x(t) h(t —t) =0, Vr 


y= f x(T) ne —r) dr = | Odt=0 (¢>4) 


(oe) 
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Fig. 3.34 Example P.3.12 


Fig. 3.35 Example P.3.12 


Summary: The total convolution integral y(t) shows the progression of the overlapping surface area 
between x(t) and A(t — tT) in function of tf, see Fig. 3.35, where within each interval the solution 
function is different, as resolved in cases (1) to (5). Note that the use of ‘<’ and ‘<’ symbols to 
bound the intervals is not strict because y(t) is continuous, thus the interval bound points may be 
assigned either on the left or right side of the inequalities, as 


0) t<-2 
2+t —2<t<0 

y(t)= 42 O0<t<2 
4-t 2<t<4 
0 t> 


3.13. Graphical method of resolving convolution integral consist the following steps, where the 
original integral form is decomposed into several simpler integrals. 


Preparatory work: y(t) > y(t) > y(—t) > y(t — T) transformations. 


(a) y(t) > y(t) transformation does not change form, only the variable t — tT, Fig. 3.36 (top). 

(b) y(t) > y(—T) time inversion transformation results in the mirrored form, Fig. 3.36 (middle). 
Note that t = 0 reference point is still known. 

(c) y(—t) > y(t — T) transformation shifts each point of y(—T) by f, Fig. 3.36 (bottom). Note that 
t = Oreference point is not known, it is relative to ¢, thus is resolved case by case. 


Casel: (t—1) <0: 


The leading edge (t — 1) of y(t — T) is inferior to t = Ove. 


t-1<0 ..t<l 
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Fig. 3.36 Example P.3.13 


Fig. 3.37 Example P.3.13 


That being the case, it is irrelevant where exactly ¢ is relative to the origin, see Fig. 3.37. What 
is important is that under this condition, because always either of the two function equals zero, their 
product equal zero, as 


x(t) yt —t) =0, Vr 


and by consequence the convolution integral equal zero, as 


n= f x(t) = 1) de = f Odt 


(oe) 


=0 (¢ <1) 


Case2: (t—1) >Oand (t —3) <0: 


The leading edge at (t — 1) of y(t — T) passed into the positive side, however the trailing edge at 
(t — 3) of y(t — T) is still in the negative side, i.e. 


t-1>0 ..t>1 
=> 1<t<3 
t-3<0 .«. t<3 a 


Under this condition, the overlapping area is found in the interval t € (0, t — 1), see Fig. 3.38, where 
both y(t — t) = | and x(t) = 1, therefore the convolution integral (i.e. the overlapping surface area) 
equal 


oo t—1 t—1 
z(t) = / x(t) y¥t-—t)dt= / (1) d)dt=t 
—oo 0 


0 
=t-1 (1<t<3) 
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Fig. 3.38 Example P.3.13 


Fig. 3.39 Example P.3.13 


Fig. 3.40 Example P.3.13 


Case3: (t—3)>0: 


The trailing edge (t — 3) of y(t — T) shifted into the positive side, see Fig. 3.39, i.e. 
t—-3>0 .. t>3 


Therefore, the overlapping surface area is at its maximum (i.e. the full area of rectangular function, 
and henceforth stays constant) 


t-1 


lo) t-1 
c(t) = | x(t) ye-ndr= [ (1) Q)dt=t| =@¢-1)-(t-3) 
—oo t—3 


t-3 


=2 (t > 3) 


Summary: 
The total convolution integral shows progression of the overlapping area in function of f as 
resolved in the cases (1) to (3), Fig. 3.40, as 


0) t<l 
zat)=4r—1 1<t<3 
2 t>3 
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Fig. 3.41 Example P.3.14 1 u(t,T) 
0 t,t 
1 u(—T) 
0 T 
0 
1 | (tt) 
0 ] T 


t 


3.14. Graphical method of resolving convolution integral consist the following steps, where the 
original integral form is decomposed into several simpler integrals. 


Preparatory work : u(t) > u(t) > u(—T) > u(t — T) transformations. 


(a) u(t) > u(t) transformation does not change form, only the variable t > T, Fig. 3.41 (top). 

(b) u(t) > u(—T) time inversion transformation results in the mirrored form, Fig. 3.41 (middle). 
Note that t = 0 reference point is still known. 

(c) u(—t) > u(t — T) transformation shifts each point of u(—T) by t, Fig. 3.41 (bottom). Note that 
t = O reference point is not known, it is relative to ¢, thus is resolved case by case. 


There are two distinct cases to solve. 

Casel: t <0: 

The leading edge of u(t — T) is still in the negative side, i.e. 
t<0 


It is irrelevant where exactly f is relative to the origin, see Fig. 3.42. What is important is that under 
this condition, because always either of the two function equals zero, their product equal zero as 


u(t) u(t —t)=0, Vt 


by consequence, convolution integral equal zero as, 


ee lo) 
<n) = | u(T) u(r) dr= | Odt 
aes s 
=0 ¢=9) 
The leading edge of u(t — T) is shifted into the positive side, Fig. 3.43, i.e. 


t>0 
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Fig. 3.42 Example P.3.14 


Fig. 3.43 Example P.3.14 


Fig. 3.44 Example P.3.14 


thus, 


t 


z(t) = [ u(t) u(t — Tt) dt = (1) djdt=t 
- 0 


lee) 0 


=?t (t >0) 


(Rectangular area is calculated as height (equal one) times its length (equal f).) 
Summary: 


The total convolution integral is therefore r(t) function, see Fig. 3.44, or written in equally elegant 
product form of linear and step functions as 


Zt) = Fs0 = r(t) or, z(t)=tu(t) 
t t>0 


3.15. Graphical method of resolving convolution integral consist the following steps, where the 
original integral form is decomposed into several simpler integrals. 
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i u(t+2)__| 1 F u(t +1) 

—1} | -#() fH yf a(t —-1) J t 
1 1 
———— 1 
1; u(t +2) —u(t) 4 l t u(t+1)—u(t—1) | 

2 0 
1 h(t —T) 1) (u(¢+1)—u(t—-1))t 
0 2 : T 
t t+2 -1 0 1 


Fig. 3.45 Example P.3.15 


Fig. 3.46 Example P.3.15 


Preparatory work : 


(a) the syntheses of h(t) = (u (t+2)— u(t)) and h(t — T) is illustrated in Fig. 3.45 (left). 
(b) the syntheses of x(t) = (u (t+1)-—u(t — 1)) t is illustrated in Fig. 3.45 (right) 


There are four distinct cases to solve. 


Casel: t+2<-l: 


The leading edge of h(t — T) is inferior to t = —1, that is to say 


t+2<-l..t<-3 


That being the case, it is irrelevant where exactly f is relative to tT = —1, see Fig. 3.46. What is 
important is that under this condition, because either of the two function equals zero, their product 
equal zero as 


x(t) h(t —t)=0, Vr 


and by consequence the convolution integral equal zero as 


yo = f x(t) ne — 1) de= | Odt 


(oe) 


=0 (t < —3) 
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Fig. 3.47 Example P.3.15 


Case2: t+2>-—landt+2<1 


The leading edge of h(t — tr) is found within the interval t € (—1, 1), that is to say 


t+2>-1 .. t>-3 
t+2<1 . t<-l 


Under this condition, see Fig. 3.47, the overlapping surface is found in the interval t € (—1,¢ + 2) 
where h(t — tT) = | and x(t) = ¢, consequently 


oo t+2 1 t+2 
yo = f x(t) h(t —T) ar= f (t) (dt => ae 
a - e 
1 . , Wt ee 
=5[@+2?-Cb] =5(P +41 +3) 


1 
= af + Des), (3 tS —1) 
Note that both h(t — t) and x(t) non-zero intervals are equal, both lengths equal two. 
Case3: t>-—landt<1 


The trailing edge of h(t — tT) is found within the interval t € (—1, 1), that is to say 
-Il<tr<l 


Under this condition, see Fig. 3.48, the overlapping surface is found in the interval t € (f, 1) where 
h(t — t) = 1 and x(t) = ¢, consequently 
1 


[oe] 1 
y(t) =f x(t) h(t — 1) dt =) (t) I)dt= : z 
—oo t 


t 


= 50 -?)= {@ 0) =@-Ha+d)} 


= —5t —-)h@t¢t+l, (-l<t<l 
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Fig. 3.48 Example P.3.15 


Fig. 3.49 Example P.3.15 | T | 


Case4: t>1 
The trailing edge of h(t — T) is superior to t = 1, that is to say 
t>1 


That being the case, it is irrelevant where exactly ¢ is relative to T = 1, see Fig. 3.49. What is important 
is that under this condition either of the two function equal zero, therefore their product equal zero as, 


x(t) h(t -—t) =0, Vr 


and by consequence the convolution integral equal to zero as 


yin = f Ke) ne —x) de = | Odt 


oe) 


=0 ¢>1 
Summary: 
The total convolution integral is therefore y(t) function, see Fig. 3.50, as 


0 t<-—3 
Dera 6 ers i) 
=¢=DG+). (12741) 
0 t>1 


yt) = 
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Fig. 3.50 Example P.3.15 


Fig. 3.51 Example P.3.16 


3.16. Graphical method of resolving convolution integral consist the following steps, where the 
original integral form is decomposed into several simpler integrals. 


Preparatory work : x(t) > x(t) > x(—t) > x(t — T) transformations. 


(a) x(t) — x(t) transformation does not change form, only the variable t + t. However, triangular 
function is even and by consequence x(t) — x(—T) time inversion transformation also does not 
change its form. 

Even after x(—t) — x(t — Tt) transformation, visually, triangular form does not change, see 
Fig. 3.51. 

Although changes are not evident visually, note how time inversion alters linear equations on 
(t > 0) and (t < O) sides 


oO=lee > 2enSl=—¢t 
x(t)=l1l—-t => x(-t)=1-(-t)=14+17 


(b) Itis important, however, to explicitly write linear equations that correspond to each linear segment 
after x(—t) — x(t — T) transformation as: 


x(-t)= 1-t, O<t<l x(@@—t)= 1l-t+t, t<t<t4+l 


i—t)= it, =ler20 x(@t—t)= 1+t—-t, t-l<t<t 
x(t—tT)= 0, otherwise 


x(-t)= 0, |r| 21 
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Fig. 3.52 Example P.3.16 


Reminder: Note that for r > 0 shifting by ‘+t’ means adding ‘+7’ so that (1—t) — (1—t+4), 
while for t < 0 shifting by ‘+7’ means adding ‘—?’ so that (1+17) ~ (1+1T-—12). 


There are six distinct cases to solve. 


Casel: t+1<-l 


The leading (¢ + 1) point of x(t — T) is inferior to t = —1, Le. 


t+1l<-l.6.# t<-2 


That being the case, it is irrelevant where exactly ¢ is relative to the origin, see Fig. 3.52. What is 
important is that under this condition at least one of the two functions equal zero, therefore their 
product equal zero as 


x(t) x(t —tT) =0, Vr 


and by consequence, convolution integral equal zero, 


z= f x(t) x(t —T) a= [ Odt 


(oe) —ooO 


=0 (t < —2) 


Case2: t+1>-1, t+1<0 


As long as the leading (t + 1) point of x(t — tT) isin t € (—1, 0) interval, i.e. 


t+1>-l .. t>-2 and 
. -2<t<-l 
t+1<0  t<-l 


the overlapping surface is bound by (1 — t + ¢) and (1 + T) linear segments, and (—1, f+1) interval, 
see Fig. 3.53. Thus, product of these two linear segments defines convolution integral as: 
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Fig. 3.53 Example P.3.16 


z(t) 


oo t+l 
/ x(x) x(@—1) dr = f (+t) d—t+t)dt 
2 -1 


(oe) 


t+1 
/ (—-¢+t+7¢+tt—1t’) dt 
=i 


t+1 t+l1 1 t+l1 


=(1+f)t 


-1 

t 1 
=(l4s¢+0—C))+,(¢41P =Cly)—,(¢+ 1 CG) 
a {use Pascal triangle for binomial power development } 


_ +2) 
~~ 6 


after factorizing third order polynomial. 


Case3: t+1>0, t+1<1 


The leading (¢ + 1) point of x(t — tT) is found in t € (0, 1) interval, i.e. 


t+1l>0O .. t> -—-I1 and 
. —1l<t<0 
t+1l<1 ..t< O 


where, overlapping surface is found in t € (—1, t+ 1) interval, Fig. 3.54. However, this time, actually 
there are three distinct sub—intervals (a), (b), (c), as 

(a) (-1,), G+) +t -2) 

(b) 3,0), (1--ay (dl —t +2) 

(c):@,t+), (—-—1t)d-t+?4) 
where the convolution products found in each of sub-—intervals are different, see Fig. 3.54, and the 


convolution integral is split into the sum of three integrals so that the overlapping areas are correctly 
calculated as 
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Fig. 3.54 Example P.3.16 


Fig. 3.55 Example P.3.16 


= f x(t) x1) de = f (42) d-t =1t) dt 
=e -1 
0 
+ (+t) d—t+t) dt 


t+1 
+f (d-—1t)d—t+t)dt 
0 
1 3 
=e = —(-f° 4+ 3t+2) 
6 
1 2 
=U + 6t + 6) 
1 3 
+ Ee +3t+2) 
1 3 1 2 
=a ake) = ee +6t+6), (-I<t<0) 


Case4: t-—1>-—l1, t—-1<0 


As long as the trailing (t — 1) point of x(t — T) is in t € (—1, 0) interval, ie. 


t-1>-l1 .. t>0 


“ O<t<l 
t—-1<0  t<il Sa 


where, overlapping surface is found in t € (¢ — 1, 1) interval, Fig.3.55. There are three distinct 
sub-intervals (a), (b), (c), 
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(a) :(t-—1,0), +t) d+r7-?F) 
(b):(0,t), (l—t) d+r7-r?t) 
(c):@,1), d-—t) G-t+?r) 


and the convolution integral is split into the sum of three integrals so that the overlapping areas are 
correctly calculated as 


oo 0 
a) = f x(x) s(¢—1) de = | (l+t) (l+t-—-t)dt 
= t-1 


(oe) 


+f d—t) d+1t—-t)dt 
0 


1 
+f (l—t) (—t+t) dt 
t 
= {after polynomial development, integration, and factorization | 
Nos 1 2 
= rig Sate) eee —6t+6), (0<t<1) 


Case5: t-—1>0, t-1<1l 


As long as trailing point (t — 1) of x(t — t) isin t € (0, 1), Le. 


t-1>0 .. t>1 
. Ll<t<2 
t-l<1l . t<2 —— 


the overlapping surface is bound by (1 — tr) and (1 + t — £) linear segments, and (t — 1, 1) interval, 
see Fig. 3.56. Thus, product of these two linear segments defines convolution integral as: 


1 
zt) = f (-—t) d+1t-—-t)dt 
t-1 
= {similar to the case 2} 


= 50-2) 


Fig. 3.56 Example P.3.16 
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Fig. 3.57 Example P.3.16 


Case6: t-—1>1 


The trailing point (¢ — 1) of x(¢ — T) is superior to tT = 1, Le. 


t-l>1.6..t>2 


x(t) | _x(t—T) 


It is irrelevant how much exactly f is superior to tT = 1, see Fig. 3.57. What is important is that under 
this condition at least one of the two functions equal zero, therefore their product equal zero as 


x(t) x(t -—TtT) =0, Vr 


and by consequence, convolution integral equal zero as 


= f x(t) xt—nae= f Odt 


[o.e) 
=0 (t > 2) 
Summary: 


The total convolution integral is therefore the sum of these six cases, see also Fig. 3.58. 


0 t<-—2 
Vo(t + 2)3 -2<1t<-l 
13(-08 + 3¢ +2) — dt? +6r+6) -1<1<0 


= 

® 1/3(t8 — 3t + 2) + it(t? — 6t +6) 02721 
—V6(t — 2) 1<t<2 
0 t>2 


3.17. Graphical method of resolving convolution integral consist the following steps, where the 


original integral form is decomposed into several simpler integrals. 


Preparatory work: y(t) > y(t) > y(—tT) —> y(t — T) transformations. 


(a) y(t) > y(t) transformation does not change form, only the variable t > 1, Fig. 3.59 (top). 
(b) y(t) > y(—T) time inversion transformation results in the mirrored form, Fig. 3.59 (middle). 


Note that t = 0 reference point is still known. 
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Fig. 3.58 Example P.3.16 


—2 0 2 
Fig. 3.59 Example P.3.17 y(t,7) 
t,T 
0 
y(—T) 
é t 
0 
y(t —T) 
P ™~ t 


(c) y(—t) > y(t — T) transformation shifts each point of y(—rT) by ft, Fig. 3.59 (bottom). Note that 
t = O reference point is not known, it is relative to ¢, thus is resolved case by case. 


Note that, 


y(t) = u(t) 


y¥r=t)=G=7/ Hae Da = 2 a2) 
There are two distinct cases to solve. 
Casel: t <0: 
The leading t point of y(t — T) is inferior to zero, i.e. 
t<0 


It is irrelevant where exactly is t < O point, see Fig.3.60. What is important is that under this 
condition, either x(t) or y(t — Tt) function equal zero, as 


x(t) yt —t) =0, Vr 


and by consequence convolution integral equal zero, as 
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Fig. 3.60 Example P.3.17 


Fig. 3.61 Example P.3.17 


y(t—T) 


Z(t) = / x(t) yt —t) dt 


fore) 
=| Odt=0 
—oo 


Case2: t>0: 
The leading f point of y(t — T) is superiour to zero, i.e. 


t>1 


It is irrelevant where exactly is t > 0 point, see Fig. 3.61, as 


z(t) = [ x(t) y(t—t)dt= [ ru(t) (t —t)°u(t —t) dt 


(oe) 


t t 
/ a (t — ty’ dt = / (x? = pr? + tr?) dt 
0 0 


1 a4.) 2 ,/' 1 2 £6 
ae ee | ea | ve es 
6 boo dead ie Be ae 
a 
~ 60 


Summary: 


The total integral is therefore the sum of these two cases, see Fig. 3.62, 
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Fig. 3.62 Example P.3.17 


Fig. 3.63 Example P.3.18 


Fig. 3.64 Example P.3.18 v(t,T) 
t,T 
0 
v(—T) 
‘ Tt 
0 
bv(t—T) 
|e 5 ar 


0 t<0 19 
z(t) = 4 76 = —u(t) 

#50 60 

60 


3.18. Given analytical forms of two functions 


1-t; 0<t<l e; t>0 
x(t) = ; and, vu(t)= , 
0; otherwise 0; otherwise 


where there are well defined boundaries, these two functions x(t) and v(t) may also be defined by 
products with step and port functions, see Fig. 3.63. 


x(t) =(1—t) W(t) and v(t) =e u(t) 


Graphical method of resolving convolution integral consist the following steps, where the original 
integral form is decomposed into several simpler integrals. 


Preparatory work: v(t) > v(t) > v(—T) > v(t — T) transformations. 


(a) v(t) > v(t) transformation does not change form, only the variable t — 1, Fig. 3.64 (top). 
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v(t) — v(—T) time inversion transformation results in the mirrored form, Fig. 3.64 (top). Note 
that t = 0 reference point is still known. 

(b) v(—t) > v(t — Tt) transformation shifts each point of v(—rT) by t, Fig. 3.64 (bottom). Note that 
t = Oreference point is not known, it is relative to ¢, thus is resolved case by case. 


There are three distinct cases to be solved. 
Casel: t <0 


Within this interval, either one of the two function equal zero, see Fig. 3.65, thus their product 
equal zero, as 


x(t) v(it—t)=0, Vr 


and by consequence convolution integral equal zero, as 


lo) t—1 
w(t) = / x(t) vt —t)dt= / (0) (0) dt 
= 0 


(oe) 


=0 (t <0) 


The leading edge point t of v(t — T) is found in interval t € (0, 1), ice. 


t >0 
. O<t<il 
t <1 —_-__ = 


where the overlapping surface is bound by t € (0, rt) inteval, see Fig. 3.66, as 


w(t) = [- x(t) v(t —T) dt =| (—t)e"™ dr -| (ee? —te“e") dt 
683 0 0 


t t 
=e! | e' dt -f[ te ac] =e"[l _ bh] 
0 0 


Fig. 3.65 Example P.3.18 


Where, 
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Fig. 3.66 Example P.3.18 x(T) 


Fig. 3.67 Example P.3.18 


and, 
t 
h= / t e* dt = {partial integration} = te’ — e' + 1 
0 


Therefore, 


w(t) =e“(e' -—1-te'+e—-1) 
=2-t-2e' (<t<1) 


Case3: t>1 


The leading edge of v(t — tT) is in (¢t > 1) interval, thus the overlapping surface is bound in 
t € (0, 1) interval, see Fig. 3.67, as 


ne 1 
w(t) = : x(t) vit —t)dt= if (i=) GUD gs 
= 0 


o.@) 
1 
= ef (e' —te)dt= {etc. as in Case 2. } 
0 
=e'(e—2) (t>1) 
Summary: 


The total convolution integral is therefore, see Fig. 3.68, 
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Fig. 3.68 Example P.3.18 


Fig. 3.69 Example P.3.19 


0; t <0 
wit)=1.2-t-2e'; O< t<l 
e'(e— 2); t>1 


3.4 Energy and Power 


3.19. Amplitude of a delayed port signal x(t) = 211 (t — 1) equal two for f € (0, 1), otherwise it 
equal zero. Thus, 


def i 2. ~ 2 : 2 
E.2/ je@Pedae=f pne—pedr= | @at=4 
—oo —oo 0 


Therefore, given a finite source of energy, 


def ,. E, : 4 
(P,) = lim — = lim -=0 
too ¢ t>oo ¢ 
That is to say, having a finite source of energy that must be distributed over infinitely long period of 
time, the average power reduces to zero. 


Summary : this signal x(t) belongs to the category of signals that are contained within a finite time 
interval (t;, t2) and whose amplitude is finite, such as three forms in Fig. 3.69. By consequence, 
Ey, <ooand(P,) =0. 
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3.20. Triangular signal x(t) = A(t) is bound in t € (—!/2, 1/2) interval, thus 


lo) oo 0 V2 
= / |x(t)|? dt = i |A(t)|? dt = (t + 1/2)? dt +f (—t + 1/2) dt 
66 _ 0 


oe) —1/2 

Lal ..ter dP atale tela." 
=P Hea pee fae |) ag?) eae 

3 —1/2 2 —12 4 —1/2 a 0 0 4 0 
i i: al 

24 24 12 

Therefore, given a finite source of energy, 
. 1/12 
(P,) # tim =* = lim  =0 
too f¢ t>oo ¢ 


That is to say, having a finite source of energy that must be distributed over infinitely long period of 
time, the average power reduces to zero. 


Summary : this signal x(t) belongs to the category of signals that are contained within a finite time 
interval (t), t2) and whose amplitude is finite, see Fig. 3.69. By consequence, FE, < oo and (P,)=0. 


3.21. Non-zero part of quadratic signal x(t) = (1/4 - t*) II (t) is bound int € (—!/2, !/2) interval, 
and its magnitude is finite. Thus, non-zero integrals are 


lore) lore) V2 
B,2 f x(t) a= | | (V4 — 27) T1)/? ar= | | (4-2?) (DP dt 


[e,) —l/2 
iol? Leel? 2 2 ff 
= 2x = SX +— Xx => 
5 -y, 6 in 16 yp 30 
Therefore, given a finite source of energy, 
2 E 130 
(P,) = lim — = Ii EG 
t~~w ff t>oo f 


That is to say, having a finite source of energy that must be distributed over infinitely long period of 
time, the average power reduces to zero. 


Summary : this signal x(t) belongs to the category of signals that are contained within a finite time 
interval (t;, t2) and whose amplitude is finite, see Fig. 3.69. By consequence, FE, < oo and (P,)=0. 


3.22. Given a continuous non—periodic infinitely long signal, its average power is calculated as 


def . 1 ed 2 . 1 ie 2 2+ 1 1/2 
(P(t)) = lim — |x(t)|° dt = lim — la|° dt =a“ lim — dt 
m0 tT Jz t00 T Jip tot Jz 
co lft -t 1 
=a’ lim —t =a’ lim —( — —- — Sim ae 
T>00 T 7) too tT \2 2 T>00 7p 
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And, 


oe) lo) oe) 
Ea # [ |x(t)|? a= | lal? ar =a f dt 
—oo —0o —0o 


[o.e) 
= a’ (co + 00) 


—0co 


= CO 


That is to say, in order to sustain the non-zero finite average power over infinitely long period of time, 
evidently, it is necessary to have infinite source of energy. 


Summary : this signal x(t) belongs to the category of signals that are not contained within a 
finite time interval and whose amplitude is constant, such as forms in Fig. 3.70. By consequence, 
E, =ooand0 < (Py) <@. 


3.23. Given an infinitely long u(t) signal, its energy is 


[o,e) oo oe) [oe] 
E,# f incor ade = | |u(t)|? a= | (1)? dt=t| =0o 
—o00 —oo 0 0 
And its average power is 
& 1 t/2 1 t/2 
(P,) = lim ~ | |x(t)/° dt = lim ~ | |u(t)|° dt 
TOT J_7/2 TOOT J_47/2 
1 0 1 1/2 1 1/2 
= tim = f jo? dr+ tim f Pe dt= lim —¢| = lim —£ 
Tmo? Jiro to T Jo T>00 T 0 T00 V4 2 


1 
2: 
which makes sense because half of the time u(t) signal amplitude equals zero (for t < 0) and the 
other half of time (i..e. ¢ > 0) it equal one, thus average of ‘0’ and ‘1’ is one half. 


Fig. 3.70 Example P.3.22 al 
0 | 4 
0 


i 
= 
— 
~ 
a 
~ 


3.4 Energy and Power 85 


That is to say, in order to sustain the non-zero finite average power over infinitely long period of 
time, evidently, it is necessary to have infinite source of energy. 
Summary : this signal x(t) belongs to the category of signals that are not bound within a finite time 
interval and whose amplitude is constant, see Fig. 3.70. By consequence, EF, = oo and 0<(P,) <0oo. 


3.24. Given an infinitely long u(—r) signal, its energy is 


oo oo 0 
B,# f |x(t)| ar= | iu(—oP ar = f (1)° dt=t 


And its average power is 


—oo 


a. 1 ope 2 a t Pe 2 
(P,) & lim — Ix(t)|? dt = lim — \u(—t)|? dt 
T 00 T /2 TOOT /2 


—t —T 


0 1 z 
2 


I 
5 
| 


i. Oe Ni 1 
3 ) : 2 7 
/ [1|° dt + lim - [ |O|° dt = lim — ¢ 
TOOT /2 Too T Jo TOOT 


—t 


which makes sense because half of the time u(t) signal amplitude equals zero (for t < 0) and the 
other half of time (i..e. tf > 0) it equal one, thus average of ‘0’ and ‘1’ is one half. 

That is to say, in order to sustain the non-zero finite average power over infinitely long period of 
time, evidently, it is necessary to have infinite source of energy. 


Summary : this signal x(t) belongs to the category of signals that are not bound within a finite time 
interval and whose amplitude is constant, see Fig. 3.70. By consequence, EF, = 00 and 0 < (P,)<oo. 


3.25. Given a continuous periodic infinitely long signal its average power over one period T is 


al or 1 pz? 7 
(Py) = = / | sin(r)/? dt = — / sin?(t) dt = {sin?oo = 1a es? } 
-T/2 T Jer 5 


1 7 (1 —cos2x 171 Pig 2 
sak ———_} dt = — | =t — —sin(2r) 
T J_rp 2 T\2 4 -T/2 


(a+ 2) -a(()-*(-49))) 
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That is to say, average power within a singe period is non—zero. By consequence, in order to sustain 
the same non—zero average power over infinitely many periods there must be an infinite source of 
energy, as 


E, = lim(P,) t= = lim t=0o 
t>00 2 too 
Summary : this signal x(t) belongs to the category of periodic signals, i.e. that are not bound within 
a finite time interval and whose amplitude is finite. By consequence, FE, = co and0 < (Py) <a. 


3.26. Given a complex exponential signal, by Euler’s formula it is converted as 


20 
x(t) =ae!®’' =a[cos(wo t) — jsin(wot)] “. woTo = 2a «. Ty = — 
W0 


which is to say that period of x(t) is Tp. Average power of a periodic signal is calculated as 


def u me jo t)2 jx 1 _ 2)\,j@ 1 
(P,) = — laei®'? dt = {le*|=1} = — a’ |eieo?” dt 
To J-1%/2 To J-1%/2 
a , To /2 a (2 x 2) 3 
= —_— = —_— — — =a 
To |-no To \2 2 


This is periodic signal, therefore, 


E, = lim (P,)t = 00 
t>oo 
That is to say, in order to sustain a non-zero average power over infinitely many periods it must be 


that E, = oo. 


Summary : this signal x(t) belongs to the category of periodic signals, i.e. that are not bound within 
a finite time interval and whose amplitude is finite. By consequence, FE, = oo and0 < (Py) <@. 


3.27. Given a continuous periodic infinitely long signal its average power over one period T is 


set T/2 1 T/2 

(P,) = 7 / |1 + cos(2r)|* dt = zi (cos*(2r) + 2.cos(2r) + 1) dt 
T —T/2 T —T/2 

1+ cos 2x 


= {cost — 5 


ist? 71. i 
7 I... ( + 5 cos(4t) + 2 cos(2t) + i) dt 


T/2 


1/1 3 
T E sin(4t) + sin(2t) + 5 im 
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[ase (427) +503) +3(3 +3)| 


| gsineary + sinery + 37] 


That is to say, average power within a singe period is non—zero. By consequence, in order to sustain 
the same non—zero average power over infinitely many periods there must be an infinite source of 
energy, as 


ef a. os. 
E,= lim(P,)t=- lim t=c 
t>00 2 t>00 


Summary : this signal x(t) belongs to the category of periodic signals, i.e. that are not bound within 
a finite time interval and whose amplitude is finite. By consequence, FE, = co and0 < (Py) <a. 


3.28. Given exponential signal converges, i.e. x(t) > 0 for t + oo, thus 


def cu 2 ° a) 2 oo _4 > 1 i (oe) 
Ey = Ix(t)|° dt = le“ u(t) dt = e (1 dt = =e 
os 5 


00 0 
1 


=-5l0-=5 


Therefore, 


(Py) = lim 


t>oo 


def Ex =0 
t 


That is to say, having a finite source of energy that must be distributed over infinitely long period of 
time, the average power reduces to zero. 


Summary : this signal x(t) belongs to the category of signals where if (t — too) then (x(t) > 0), 
such as forms in Fig. 3.71. By consequence, 0 < E, < oo and (P,) =0. 


Fig. 3.71 Example P.3.28 it —tu(t) 
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3.29. Given exponential signal converges, i.e. x(t) > 0 for t — -too, thus 


def ia 2 a 2 °° —/2 2 é Iv 
E,= / Ix@)|° dt = i dt = / (e ) dt = {see chapters on integrals } ==> 
—0o —oo —co 2: 


Therefore, 


—t? 


e 


That is to say, having a finite source of energy that must be distributed over infinitely long period of 
time, the average power reduces to zero. 


Summary : this signal x(t) belongs to the category of signals where if (¢ — oo) then (x(t) —> 0), 
see Fig. 3.71. By consequence, 0 < E, < oo and (P,) =0. 


3.30. Given exponential signal converges, i.e. x(t) > 0 for t — -too, thus 


det [° 3 = —|t||2 ° 1\2 as —t\2 
E,= Ix(t)/? dt = le" dt= fo (ey dt+]  (e*) dt = {see A.3.28} 
—oo —0o —0o 0 


Therefore, 


(P,) = lim — =0 
too f 
That is to say, having a finite source of energy that must be distributed over infinitely long period of 
time, the average power reduces to zero. 


Summary : this signal x(t) belongs to the category of signals where if (t — -too) then (x(t) > 0), 
see Fig. 3.71. By consequence, 0 < FE, < oo and (P,) =0. 


3.31. Given an r(t) signal, its energy is 


def oe 2 a 2 mY 2 1 4 
Ey = |x(0)|° dt = YQ) a= r-dt=-t 
—oCoO —oo 0 3 


And its average power is 


ie A ‘ =, a. fe ‘ 
(P,) = lim — |x(t)|* dt = lim — Ir(t)|* dt 
/2 TOO T /2 


—T —T 


t/2 
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Fig. 3.72 Example P.3.31 1 T — | 
r(t) 
0 t 
0 
e'u(t) 
1 —| 
0 t 
0 
, (1—#)u(-t) 
0 t 
0 
i. oe 
=. lim —=o 
Tow 8 


This is an example of a signal whose both energy and average power equal infinity. 


Summary : this signal x(t) belongs to the category of signals where if (t — oo) or (t — —oo) then 


(x(t) — oo), such as forms in Fig. 3.72. By consequence, EF, = oo and (P,) = 00. 


3.32. Given exponential e’ u(t) signal, its energy is 


def = 2 sas t e) = 2t 2 1 2t = 
E, = |x(t)|? dt = le’ u(t)|? dt = e* (1) dt=~e = 00 
—o00 —0o 0 2 0 


1 t/2 1 t/2 
def ,. pi : t 2 
(P,) = lim nf Ix(t)|? dt = lim - | le! u(t)|* dt 
oT 2 TOOT 2 


-t/ -t/ 
1 t/2 t/2 
= 0+ tim = f e* dt = — lim — e* = 5 lim = -1) 
T 00 T 2 17-0 T 0 2 t>00 


“ipa yl 


Summary : this signal x(t) belongs to the category of signals where if (t — oo) or (t — —oo) then 


(x(t) — oo), see Fig. 3.72. By consequence, FE, = oo and (P,) = 


3.33. Given cubic x(t) signal, its energy is 


def a 2 - 3 2 : 3\2 2 
E,2 Ix(t)|? dt = (1 —2x3)u(—n) 2 dt= | (i — x3)? (1)? at 
—0o —oo —oco 
1 0 0 0 
i == ("| AA = 00 
7 —o0o —o0o —oo 
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And its average power is 


def 4. 1 ae 2 y 1 oe 3 2 
(P,) = lim — Ix()|? dt = lim — |(1 — x*) u(—t)|" dt 
/2 ToT J-1/2 


TOT oe 
1 0 0 0 0 
= tim = [ (L—x°)° dt+0= = lim — #’ —= lim — #4 + lim — t 
tot J_7/2 T>00 T 7/2 2 130 T 1/2 T>00 T 1/2 


Summary : this signal x(t) belongs to the category of signals where if (tf — 00) or (t > —oo) then 
(x(t) — oo), see Fig. 3.72. By consequence, FE, = oo and (P,) = oo. 


Check for 
updates 


Discrete Time Convolution 4 


Convolution sum is defined as 


[o.@) 
yin] =xlk]* yin] = SO xi klytn—- 4] (4.1) 
k=—0o 
where < is the provisional summation variable. 
Energy and power definitions: by definition, E(t) = i P(t)dt for continuous functions. 


Calculations of sampled functions are the following: 


1. Energy within an interval 


2. Total energy 


3. Average power within an interval 


k=n 
4. Total power 
” 2 
fe Ny 2H 
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Problems 


4.1 Discrete Signal Convolution 

Given short sequences in P.4.1 to P.4.3, calculate their convolution sums. 

41. x[fnJ=[1,1,0, yrnJ= 1,1, 1] 4.2. x(n] =[1,2,3], yin] =[1, 1, 1] 
4.3. f{k], gk], see Fig. 4.1 


Given two short sequences h[n] = [1, 2 , 0, —3] and x[n] in P.4.4 to P.4.7, calculate their convolution 
sums. (Note: number whose index n = 0 is underlined.) 


4.4. x[n] = 6[n] 4.5. x[n] = 6[n+ 1]+6[n —2] 
4.6. x[n]=[1,1, 1] 4.7. x[n] =[2,1, —1,—-2, —-3] 


Given analytical form of sequences in P.4.8 to P.4.10, calculate their convolution sums. 


4.8. x[k] =a ulk]; (0 <a <1) 4.9. x[k] = | 1 @s ks “) 
0; otherwise 
h[k] = u[k] k. 
iy f ; O<k<6) 
0; otherwise 


4.10. x[n] = sin(wgn) u(n) 
y[n] = u[n] 


4.2 _ Discrete Signal Energy and Power 


Calculate energy and power of sequences x[k] in P.4.11 to P.4.16. 


k 
4.11. x[k] = 6[k] 4.12. x[k] = (z) ulk] 4.13. x[k] = ef ™ ulk] 
k. 
aig. xty=f% §=9 448. tk] = alk) 4.16. x(k] = cos] = k| 
0; k <0 6 
Fig. 4.1 Example P.4.3 2 qk pk 
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Answers 


4.1 Discrete Signal Convolution 


There are many ways to tabulate convolution sums, mostly the question of preference and style. Some 
of the typical methods are illustrated here. 


4.1. There is a number of ways to tabulate convolution of discrete series, which is question of style 
and preference. 


Method 1: Given two short sequences x[n] = [1 , 1,1] and y[n] = [1 , 1,1], that is to say 
with a clearly defined finite interval of non-zero samples, the interval of convolution z[n] series 
is determined as 


xO) =1,xfJ=1,x2J=1 .. finite non-zero interval begins at n=O andendsat n=2 
yO] = 1, yfJ=1,y2J=1 .. finite non-zero interval begins at n=O andendsat n=2 
z[n] .. finite non-zero interval begins at n =0+0=0 


finite non-zero interval ends at n=2+2=4 


that is to say, z[n], 0 < n < 4. By consequence, it is necessary to evaluate z[n] in five cases 
n = [0, 1, 2, 3, 4], as 


2 
z[n] =xI[n] * yin] = YO xb] yk —m] = > xtm] yn — m) 


m=—O0Oo m=0 


Note that “fixed” series is x[m] and y[k — m] is the “sliding” sequence relative to parameter m, 
therefore there are only three simples in the interval m = (0, —1) as, 


2, 
Case 1:n=0 z[0] = } > x{[m] y[0—m] = x[0] y[0— (0)] + x[1] y[0 — ()] + x12] yl 0 — 2)] 


m=0 
= x[0] y[0] + x[1] y[—1] + x[2] y[—2] = (1)(@) + (1) ) + (1) ) 
1 


2 
Case 2:n=0 z1]= >> x[m] yl 1 —m] = x(0] yf1— ©] 4+ x11] yl1 — )] + x12] yf 1 - @)] 


m=0 
= x[0] y[1] + x[1] y[0] + x[2] yl—1] = ()d) + Gd) + (1) ) 
=2 


94 4 Convolution D 


2 
Case 3:n=0 22] = >) x[m] y[2—m] = x[0] yl2— (0)] + x[1] yl2 — ()] + x12] yl 2 - 2) 


= x[0] y[2] + x[1] yf1] + x[2] y[0] = Gd) + ()d) + Gd) 


2 
Case 4:n=0 z2[3]=)) xlm] yL3 —m] = x[0] y[3 — O] + x[1] yL3 — (DY) + 212] yL3 - 2)] 


m=0 


x[0] y[3] + x[1] y2] + x[2] yl] = ()@) + ()d) + ()d) 
=2 


2 
Case 5:n=0 2[4]= ) > x[m] y[4—m] = x(0] yl4— ()] + xf1] yl4 — )] + x12] 94 - 2) 


m=0 
= x[0] y[4] + x[1] y[3] + x[2] y[2] = ()() + (0) + (DC) 
= 
In conclusion, z[m] = [1 ,2,3,2, 1], see Fig.4.2. (Compare with the continuous time example 


P.3.12). Note that, if given as a list, sample z[0] is underlined. 


Method 2: Given two short sequences x[n] = [1 , 1, 1] and y[n] = [1 , 1, 1], sequences x[n] may be 
written, for example, as 


x[n] = 8[n] + 6[n — 1] + 8[n — 2] 
By definition, convolution sum is 

z[n] = x[n] * yin] = (6[n] + d[n — 1] + d[n — 2) * yln] = ylnl + yln — 1) + yin — 2] 
where, y[n — 1] and y[n — 2] are shifted y[n] as 


yin-1= 11,1] 


yln—-2)=[ ,,1,1,1] 


so that ‘ ” syntax is used to mark position of n = 0 sample. The convolution sum 


Fig. 4.2 Example P.4.1 3-1 
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z[n] = y[n] + yln — 1] + y[n — 2] 


may be done by the tabular method as 


y[n] 1 
yln — 1] 
yln-— 2] + 1 1 1 


which is in agreement with the Method 1: result. 


4.2. There is a number of ways to tabulate convolution of discrete series, which is question of style 
and preference. 


Method 1: Given two short sequences f[k] and g[k] in Fig. 4.1, that is to say with a clearly defined 
finite interval of non-zero samples, the interval of convolution A[k] series is determined as 


fl-2] =2, f[-)=2 «. finite non-zero interval begins at k=-—2 andendsat k=-—1 
gil] =2, fBJ=1 .. finite non-zero interval begins at k=2 andendsat k=3 
h{k] .. finite non-zero interval begins at k= —2+2=0 
finite non-zero interval ends at k=—1+3=2 


that is to say, h[k] = 0, 0 < k < 2. By consequence, it is necessary to evaluate h[k] in three cases 
k = (0, 1, 2], as 


oo -1 
hk] = flkl* ikl = SD) fim) gik—ml= D> film] gik-m) 


m=—oo m=—2 


Note that “fixed” series is f[m] and g[k — m] is the “sliding” sequence relative to parameter m, 
therefore there are only two simples in the interval m = (—2, —1) as, 


—-1 
Casel:k =0 h[{O] = Ss f[m] g[0 —m] = f[—2] g[0 — (—2)]+ f[—1] g[0 — (-1)] 
m=—2 
= f[-2] g[21+ f[-1] gh] = 22) + @)0) =4 
-1 


Case 2:k=1 Al l]= y fm] g[1—m] = f[-2] sft — (—2)] + fi-1] sil - (CD) 


m=—2 


= fl-2] 83] + f[-] s2] = Qd) + @@ =6 
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Fig. 4.3 Example P.4.3 
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-1 
Case 3:k=2 h[2]= » fim] g2 —m] = f[—2] g[2 — (—2)] + f[-1] sl2- (-))] 


m=—2 


= f[—2] sl4]+ f[-U g[3] = 2)0) + QC) =2 
In conclusion, h[k] = [4 , 6, 2], see Fig. 4.3. Note that, if given as a list, sample h[0] is underlined. 
Method 2: Given graphs in Fig. 4.1, two sequences f[k] and g[k] may be written, for example, as 


Flk] = 25k + 2) + 26k + 1] 
sik = ..2,1] 


where the leading empty spaces in g[k] keep the sequence index so that g[2] = 2 and g[3] = 1. 
Underlined space *_’ is used to indicate the index 0 position. By definition, convolution sum is 


h{k] = fk] * gk] = (26[k + 2] + 26[k + 1]) * g[k] = 2 g[kK +2] +2 81k + 1] 
where, g[k + 2] and g[k + 1] are shifted g[k] as 
2g{k+2)=2[2,1)=[4,2] 
2glk+U=20 ,2,U=( ,4,2] 


so that 2 syntax is used to mark k = 0 index in g[k + 2] sequence. The convolution sum 
A[k] = 2 g[k + 2] + 2 g[k + 1] may be done by the tabular method as 


2 g{k +2] 4 2 


Oe + 4 ”) 


which is in agreement with the Method 1: result. 
4.3. There is a number of ways to tabulate convolution of discrete series, which is question of style 
and preference. 


Method 1: Given two short sequences f[k] and g[k] in Fig. 4.1, that is to say with a clearly defined 
finite interval of non-zero samples, the interval of convolution A[k] series is determined as 
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f(-2] =2, f[-])=2 «. finite non-zero interval begins at k=-—2 andendsat k=-—1 
1) =2, f[3]=1 .. finite non-zero interval begins at k=2 andendsat k=3 
h[k] .. finite non-zero interval begins at k= —2+2=0 
finite non-zero interval ends at k=-—-1+3=2 


that is to say, h[k] = 0, 0 < k < 2. By consequence, it is necessary to evaluate h[k] in three cases 
k = [0, 1, 2], as 


lee) -1 
blk] = flklx sik = So fim) gik-m)= )> fim 
m=—0o m=—2 


Note that “fixed” series is f[m] and g[k — m] is the “sliding” sequence relative to parameter m, 
therefore there are only two simples in the interval m = (—2, —1) as, 


-1 
Case 1:k = 0 h{O]= Y© fim] glO—m] = f[-2] el0= (J+ gl =(=1)] 
m=—2 
= f[-2] g[2]+ fl- = (2)(2) + (2)(0) = 


Case2:k=1 hf{ > rt fim] gl 1—m] = fl[-2] gf — @2)]+ f[-U gii- CD] 


m=—2 
= f[-2] g[3]+ fl- = (2)(1) + (2)(2) = 6 
-1 
Case 3:k=2 hl2}= D> flm] g(2—m] = f[-2] gl2- (-2)1+ fI-1 e2- (I 
m=—2 
= f[-2] gl4]+ fl- = (2)(0) + (2)(1) = 2 


In conclusion, h[k] = [4 , 6, 2], see Fig. 4.4. Note that, if given as a list, sample h[0] is underlined. 
Method 2: Given graphs in Fig. 4.1, two sequences f[k] and g[k] may be written, for example, as 


f{k] = 26[k + 2] + 26[k + 1] 
sik]J=L_,,2, 1] 


where the leading empty spaces in g[k] keep the sequence index so that g[2] = 2 and g[3] = 1. 
Underlined space * ’ is used to indicate the index 0 position. By definition, convolution sum is 


Fig. 4.4 Example P.4.3 Trey 
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h[k] = fk] * g[k] = (26[k + 2] + 25[k + 1]) * g[k] = 2 g[k +2] + 29[k+ 1] 
where, g[k + 2] and g[k + 1] are shifted g[k] as 


2 g[k +2] = 2[2,1]=[4, 2] 
2elk+U=20 .21=L 4,2] 


so that 2 syntax is used to mark k = 0 index in g[k + 2] sequence. The convolution sum 
A[k] = 2 g[k + 2] +2 g[k + 1] may be done by the tabular method as 


2 g[k+2] 4 2 
Qelk+1] + 4 2 
which is in agreement with the Method 1: result. 


4.4. Given sequence h[n] = [1, 2,0, —3], and Dirac delta function 6[n], convolution is equivalent 
to multiplication by one because Dirac delta is the identity function, as 


y[n] = d[n] * h[n] = h{n] * d[n] = h[n] 
4.5. Given h[n] = [1, 2 , 0, —3] and sequence of two Dirac delta, as 
x[n] = 6[n + 1] + 6[n — 2] 
it follows that 


yl[n] = x[n] * h[n] = ([n + 1] + d[n — 2]) * h[n] 
= 8[n +1] * h[n] + 6[n — 2] * h[n] 
=h[n+1]+h[n —2] 


Where, two shifted sequences h[n + 1] and h[n — 2] are 


h{n] = [1,2 ,0, -3] 
h[n + 1] =[1,2,0,—3] _ shifted one places to right 


h{n —2] = [_ ,1,2,0,—3] shifted two places to left 


One way to calculate the convolution sum y[n] = h[n + 1] + h[n — 2] is by tabular method as 
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Fig. 4.5 Example P.4.4 ‘ yln| | 
| 
lu I | | 
0 r | | : i n| 
2 I | | | 
‘——~CS~«S 3 
h[n + 1] 1 2 0 = 
rp ! z ae 


That is to say, (see also Fig. 4.5) 


y[n] = (1, 2,0 ’ =2, 2, 0, —3] 


4.6. Given h[n] = [1, 2 ,0, —3] and sequence of three Dirac delta, as 
x(n] = [1 , 1, 1] = 6[n] + 6[n — 1] + 8[n — 2] 
it follows that, 


yln] = x[n] * A[n] = ([n] + d[n — 1] + d[n — 2]) * h{n] 
= h[{n] + h[n — 1] + h[n — 2] 


Knowing h[n] = [1, 2 , 0, —3] it follows that two shifted sequences are 


h{n — 1] =[1, 2, 0, -3] 
hin—21=C ,1,2,0,-3] 


so that the convolution sum y[n] = h[n] + A[n — 1] + h[n — 2] is 


h{n] 1 2 0 -3 
h(n — 1] 1 2 0 -3 
hin-2) + 1 2 oO -3 


That is to say, (see also Fig. 4.6) 


y[n] = [1,3 ’ 3; 1, =3, —3] 
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Fig. 4.6 Example P.4.6 4 
y(n] | | 
: | = 
0 if | | 
n 
4 | | | 
—2 0 2 4 


4.7. Given two sequeces 


x[n] = [2,1, —1,—-2,-3] 
h[n] = [1,2 ,0, -3] 


the tabular method may be used to calculate convolution 
y[n] = x[n] * A[n] 
Noting the index reference for x[n], it may be written as 
x[n] = 26[n + 2] + 6[n + 1] — 6[n] — 26[n — 1] — 38[n — 2] 
so that 


y[n] = x[n] * A[n] 
= (26[n + 2] + 6[n + 1] — 6[n] — 26[n — 1] — 38[n — 2)) * A[n] 
= 2h[n + 2] + h[n + 1] — A[n] — 2h[n — 1] — 3h[n — 2] 
where the required shifted sequences of h[n] are 
2h[n + 2] = 2[1,2,0, —-3] =[2,4,0, —6] 
A[n + 1] = [1, 2,0, —3] 
—h{n] = [-1, —2 0, 3] 
—2h[n — 1] =—-2[1 , 2,0, -3] =[-—2, —4, 0, 6] 


—3h[n _ 2] =-3 [i ’ 1, 2, 0, —3] = [ ’ —3, —6, 0, 9] 


Above intermediate results are tabulated and added in tabular form as follows 
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x[—2] h[n +2] 2 4 0 -6 
x[—lhA[n +1] 1 2 oO -3 
x[0] h[n] ai 9 0 3 
x[1]h[n — 1] = | 0 6 
x[2]A[n —2] + 3 6 0 9 


Visually, tabular method does the same “sweep” of h[k — n] as already illustrated in the graphics 
method. In conclusion, (see Fig. 4.7) 


2 
yln] = x[n] *h[n] = )~ xfk]Aln — k] = [2, 5, 1, -10 , -10, -3, 6, 9] 
k=—2 


4.8. Given two long sequences x[k] and h[k] in analytical form, that is to say with the infinite 
non-zero interval, the convolution is resolved as same as in the case of continuous signals. Function 
transformations may be used to derive x[m] and h[k — m], see Fig. 4.8. 


x[k] =a u[k]; (0<a <1) 
h[k] = ulk] 


Casel: k<0O 
Given that k < 0, all products inside the convolution sum equal zero, see Fig. 4.9, as 
x[m] h[k —m]=0; Vm 


and by consequence, convolution sum equal zero, as 


Fig. 4.7, Example P.4.7 10 
: | vin) | | 
t 
0 $ I ii 
5 
10 
—4 —2 0 2. 4 
x(n ie Lm 
1 1 
0 | | { g g 
—2 -1 0 1 2 3 4 =5 “ k-1 k k+1 


Fig. 4.8 Example P.4.8 
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Fig. 4.9 Example P.4.8 | Ak — ml [xin | 
| | rf | m 
a mi si 
k=1k - U 1 23 4 53 
Fig. 4.10 Example P.4.8 | Ak — ml i | 
| | | | | 
m 
a | i 
i 0 CEES 


y[k] = x[k] x h[k] =0; (k <0) 
Case2: k>0O 


Given that k > 0, there are non—zero products inside the convolution sum interval, see Fig. 4.10, 
as 


x[m] h[k —m|] 40; m=[0,1,...,k] 


and by consequence, convolution sum is 


which leads into geometric sum as 


Y iN) (>: é i ae ia G20 
—i a = eo = jaa — = = 
= ——; asl l-a 


eS! 


geometric sum 


Summary: the two cases together may be written in the compact form as 


1— at! 
yIk] = Ta u[k] 
-—a 
Note that due to a < 1 then (see Fig. 4.11) 
1— at! 1 
lim a+! +0 +, lim —* 
k-00 k>o l-a@ l-a 


4.9. Given port x[k] and exponential A[k] functions in the analytical form, as 
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Fig. 4.11 Example P.4.8 ; ia 
I-a - J 
nn [ 

“-1 0 1 2 3 4 
x(m| | Ak — mn 
| | 
oui an 1 
; Ll) ey | [ iz 
| m T | | [yt 
—2 0 2 4 6 “ k-6 ko 
Fig. 4.12 Example P.4.9 
tk] 1, O<k<4) sad. - wf: Ofk=6) 
Xx => = 
0; otherwise 0; otherwise 


[oe] 


by definition, convolution sum is y[k] = x[k] * A[k] = » x[m] h[k — m]. After function trans- 
m=—CO 
formations x[m] and h[k — m] are as in Fig. 4.12. 


Casel: k <0 
For k < 0 all products inside the convolution sum equal zero, see Fig. 4.13, as 
x[m] h[k —m]=0; Vm 
and by consequence, convolution sum equal zero, as 
y[k] = x[k] * h[k] =0; (k < 0) 


Case2: 0<k<4 


As the leading sample h;, of h[k —m] enters interval [0, 4] defined by port function x[m], non—zero 
products are in [0, k] interval, see Fig. 4.14, thus convolution sum is 


k 


k k 
y[k] = x[k] * hA[k] = S > xin] h[k — m] = yo) ar = oe? 


m=0 m=0 m=0 


r=k-m > m=0.. - 7 : 1-—a‘*! 


mek +. r= ga i l—-a 


r=k r=0 
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Fig. 4.13 Example P.4.9 Alk + mh] |x{m 
| 
a Co tm 
k-6 k-'0 400° 
Fig. 4.14 Example P.4.9 aa 
xim| | 
h{k — m| 
| U1 
0 Kee oo Wi 
k-6 0 k 4 


Fig. 4.15 Example P.4.9 


Case3: 5<k <6 


As the leading sample h, of h[k — m] leaves interval [0, 4] defined by port function x[m], but hy_4 
is inferior to zero, (note that exponential suite has six and port has four samples) i.e. 


k >4 
=>k= (5,6) 
k-6 <0 .. k<6 


Therefore, non—zero products are in interval [0, 4], see Fig. 4.15, and convolution sum is 


4 


4 4 
yk] = xfk] * lk] = S > xfm] hk — m] = D0) a" = Sak 
m=0 


m=0 


Case4: 7<k< 10 


As the trailing sample h; of h[k — m] enters interval [0, 4] defined by port function x[m], 
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Fig. 4.16 Example P.4.9 ; ik 7 
if 
0 ©—- 


HHH 


x{m] i 
iE Hlth HI... 


0 47° 


Fig. 4.17 Example P.4.9 


k-6 >0 7. k>6 


=> k= (7, 8,9, 10) 
k-6 <4 .. k<10 


and non-zero products are in interval [kK — 6, 4], see Fig. 4.16, thus convolution sum is 


4 4 
yk] = x[k] *h{k] = S° xtm)hik—-ml= >> (a 
=k 


= m=k—6 
r=m—k+6; k-m=6-r 
= m=k—-6 .. r=0 
m=4 .. r=10-k 
k-ll 7 k-4 


06 So (a7!)’ = 8 3 —-a 


l—a7! a-—1 


I 
M 
QR 
i 

I 


Case5: k>10 


As the trailing sample hy_¢ of h[k — m] leaves interval [0, 4] defined by port function x[m], that 
isk—6>4 .. k > 10, see Fig. 4.17, thus all products equal zero, as 


x[m] h[k —m]=0; Vm 
and by consequence, convolution sum equal zero, as 


y[k] = x[k] * h[k] =0; (k > 10) 
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Fig. 4.18 Example P.4.9 


Summary: see Fig. 4.18 
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(1) (2) 3 (5) & 
0 6 10 
0; k <0 
1 — ot! 
; 0<k<4 

l-a 

kt] k-4 
° we S2p26 

a—l 

7k 
oe Beeety 

a—l 
0: k>10 


4.10. Given two sequences x[n] and y[n] in analytical form and assuming finite n, see Fig. 4.19, 


convolution 


may be resolved analytically as follows. 


For n < 0 all convolution products equal zero, thus (assuming finite m) for n > 0 


h{n] = x{n] « y[n] = )> x[m] yn —m] = 0+ > sin(wom) (1) = Denar 
j —jx ix 4 pw ix cee “3 
/ {sincin _ e 5 : catr= é 5 e 1 ioe joom _ rH ye @om 
J 0 
= her = (e*)?, ett) =e! 2 a bee - (e/ aie) 7 1 3 (ean 
2j 0 2j 0 


1 — efeom+) 1 1—e-feom+) 


1 ef 0(*F) e-foo(") — eivo(mt) 


m “ 1 
{>> etl = 


{1 = 69 = givo(*F)-j oo (H 


1 —e/%0 2) l—e-s% 


) = givo(%) eon) | 


1 ei vo (“F) @ joo(") _¢ J @o9 (m+1) 


_ 120 -i%0 


2j ez e2 


— ej %o 


2j 
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Fig. 4.19 Example P.4.10 


Fig. 4.20 Example P.4.10 


ef (4) (ese = ef % (#)) 1 ei %0 (4) (e/ oo (“F) _ ei %0 (2) 
2j ae (e _ '#*) 2j e iso (e@ —e ‘?) 


jogm j ae jogm —_j oa 
lew es >2y sin ool) leo eet vg sin eolnth) 
=— . a ae . . @o = . i <: ini Wo 
2ij ot >2y sin 2j ~# Ay sin 3 
in @o(m+1) 1 in wont) 


S1 2 jogm jogm S1 
=—2 = (e ie ie 
= wa ; 
sin= Qj 


1 _ , @om 
sin 32 an 2 


sin wont) 


in 22 
sin 5 2 


The convolution sequence h[n] is shown in Fig. 4.20 


4.2 Discrete Signal Energy and Power 


4.11. Given Dirac function, x[k] = 6[k], by definition 


E{k] 


[o.@) CO 
S* xt? = S> folky? =---+0+04---+ 27 +0404-- 


k=—00 k=—00 


=1<@ 


which is to say that since the energy is distributed over infinitely long time interval k = oo, therefore 
at any given moment the available average power must be 
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as same as for continuous functions where t > oo. 


k 
4.12. Given infinitely long series x[k] = @ u[k], it follows that 


-¥(1)'=¥(2) 


k=0 k=0 


1 
geometric series, r’ = —— where, |r| <1 
=F 


k=0 
ie (oe a 
2k+1 
e Sa oI 
k=0 
1 
a=1 and r=— 
16 
1 16 
= =—- <©© 
1 15 
fee 
16 


which is to say that since the energy is distributed over infinitely long time interval k = oo, therefore 


(P[k]) = lim PIN is 


k>00 (Ok k->o0o k 


0 


as same as for continuous functions where t + oo. 


4.13. Samples of complex exponential series, x[k] = e/!% u[k], are added for k € [—n,n], 
consequently there are in total 2n + 1 samples to add. That is, k = 1, 2,3,..., (therefore n points 
in total) on the positive side, plus k = —1, —2, —3,..., —n (i.e. m points in total) on the negative 
side, plus k = 0 (i.e. one additional point) in the middle, thus 27 + | points in total. Accordingly, by 
definition for power we find 


. 1 g ; 1 ” 2 
(PIk]) = im Es te a im E +1 x le’ a ulk]| 


k=—n 
= tim | — So Je! mm? = tim | —— wit. 
n> oo an +1 i= n>xo] 2n+1 a 
_ee__ 
n+l 


‘ n+1 OO\ tH .. 1 1 
= lim = (=) = tim ie 


n>o 2 
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which is to say that in order to support non—zero average power over infinite long interval k = ov, 
there must be E[k] = (P[k]) k =o. 


4.14. Infinite sum of power series where |a| < 1 is convergent, thus by definition 


= = 2 = 2 = k 
Elkl= > Ixfkl? = So lokutklf = Sole = >’) 
k=—00 k=—00 k=0 k=0 
ae 
geometric series 
1 
“ia 


Finite amount of energy must be distributed over infinitely long interval, thus the average power equal 
1 


E[k a 
[k] ‘i ey 


4.15. Infinitely long step function has average power calculated as 


l n ; 1 n ; 


=—n 


1 7 1 1 

a S[k? | = tim Pee |= (=) 207 tim 

n>o| 2n+ 1 = n>oo| 2n+1 love) n>oo 2. 
aan ee 


(P[k]) 


which is to say that in order to support non-zero average power over infinite long interval k = ov, 
there must be E[k] = (P[k]) k =o. 


4.16. Average power of an infinitely long periodic series is calculated over one period as 
1 < 1 4/2 
P[k]) = Ii Ke | = Ji lcos |= &]| 
(P[k]) = lim a Doh II im Ee cos | — 
1 + cos(2 
{oos*ay = —— 


Parts) Es 1 3 E = 5 608 E ‘J 


k=—n 
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" total, there are (2n+1) terms of 1/2 each; 


the sum of sin or cos over one period equal zero ; 


noo 


: 1 1 1 


which is to say that in order to support non—zero average power over infinite long interval k = oo, 
there must be E[k] = (P[k])k =o. 


® 


Check for 
updates 


Continuous Time Fourier Transform 


Classification of Fourier transformations, sums and series: 


Continuous time (CT) periodic, Fig.5.1 (left), and nonperiodic, Fig.5.1 (right), x(f) functions. 
Periodic functions are transformed by continuous-time Fourier series (CT FS), while continuous time 
nonperiodic functions are transformed by continuous-time Fourier transformation (CT FT). 
Similarly, discrete-time (DT) periodic functions are mapped by discrete-time Fourier series (DT FS), 
while discrete-time nonperiodic functions are transformed by discrete-time Fourier transformation 
(DT FS). 

In addition, in order to carry out Fourier transformation (FT) of continuous signals on numerical 
processors, CT signals must be sampled before applying discrete Fourier transformation (DFT) 
algorithm. Version of DFT algorithm that is optimized for fast execution is referred to as fast Fourier 
transformation (FFT). 


Fourier and inverse Fourier integrals are defined as 


F(x(t)) = X(@) = x(the/@! dt (5.1) 
=| def 1 ve jot 
KF (X()) =x(t)= = / X(@) e!°'da (5.2) 


Fourier series may be defined in various forms. The most common form is a periodic function f (x) 
development, where the resulting series is in the form of an infinite sum of sines and cosines terms, 
as 


fO= S + 2 cos(nt) + dbs sin(nt) (5.3) 


where coefficients a, and b, are defined as 


© The Author(s), under exclusive license to Springer Nature Switzerland AG 2024 111 
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t 
CT FS Creer 
Cln]| X(@)| 
op _0._9 09-0 an (a) 
Fig. 5.1 Comparison between CT FS and CT FT 
1 of 
a=—] f(t)dt (3.4) 
T Jon 
1 as 
an = 2 f@ cos(nt) dt (n> 1) (5.5) 
bn =- f(t) sin(nt) dt (n> 1) (5.6) 


Note: the resulting infinite series may or may not be convergent. 
Properties of Fourier Transformation 


1. Linearity: given three functions and their FT as f(t) ae (w), x(t) ail Seg (w), and y(t) = ¥ (@), 
and constants a, b, then 


f@ =ax()+bO@) > F) =aX(w) + bY) 
2. Time shifting: given x(t) =X (w) and a constant T, then 
x(t —t) > e J™ X(w) 


That is to say, time delay (t — T) translates into phase shift e~/*® in frequency domain. 


3. Frequency shifting: given x(t) =X (@) and a constant ao, then 
e Ft x(t) S X(w— a0) 


That is to say, phase shift e~/° in time domain translates into frequency shift (w — a9). 
4. Time scaling: given x(t) + xX (w) and a constant a, then 


x(at) uae ak (=) 
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5. Derivative property: given x(t) Ree (@), then FT of (n)—th derivative is 
(n) FT . yn 
x(t) > (—jw)'X (a) 


6. Multiplication by t": given x(t) 5 X(q), then 


n 


t” x(at) > (—j)" X () 


da" 
7. Convolution property: given x(t) a (@) and y(t) 3 ¥ (w), then 


x(t) * y(t) > X(w) Y@) 


Problems 


5.1 Special Functions 


Given analytical functions x(f) in P.5.1 to P.5.15 (where applies, assume a, t > 0), derive Fourier 
transformations X (w). 


5.1. x(t) = 8(t) 5.2. x(t) = 5(t —t) 5.3. x(t) =a 

5.4. x(t) = e/%! 5.5. x(t) = cos(wo ft) 5.6. x(t) = sin(wo t) 

5.7. x(t) =e“ u(t) 5.8. x(t) =e” u(—t) 5.9. x(t) =e"! 

5.10. x =ani(=) 5.11. so =an(s) S12. 30) = signi) 
T 2t 

5.13. x(t) = u(t) 5.14. x(t) =e" 5.15. x(t) = sinc (t) 


5.2 Composite Functions 

Given graphs of composite functions in P.5.16 to P.5.21, derive FT. 
5.16. Given graph of function x(t) in Fig. 5.2, derive X (w). 
5.17. Given graph of function x(t) in Fig. 5.3 derive X (@). 


5.18. Given graph of RF pulse h(t) where wo = 27 fo is the RF frequency, a is sine amplitude, and 
tT is duration of RF pulse, see Fig. 5.4, derive its Fourier transform. 
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Fig. 5.2 Example P.5.16 


Fig. 5.3 Example P.5.17 


Fig. 5.4 Example P.5.18 


Fig. 5.5 Example P.5.19 


5.19. Given graph of x(t) in Fig. 5.5, derive its Fourier transform. 
5.20. Given graph of x(t) in Fig. 5.6, derive its Fourier transform. 
5.21. Given graph of x(t) in Fig. 5.7, derive its Fourier transform. 


5.22. Given graph of x(t) in Fig. 5.8, derive its Fourier transform. 


5.3 Fourier Series 


Unless specified otherwise, derive Fourier series within (—a < ft < 7) of functions x(t) in P.5.23 to 
P3533. 


5.23. a 5.24. ae 5.25. |sint| 
1 


5.3 Fourier Series 


Fig. 5.6 Example P.5.20 


Fig. 5.7. Example P.5.21 


Fig. 5.8 Example P.5.22 


5.26. sin? t 


5.29. all (*/x) 


2 
5.32. ——“ |} +a 
a 
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x(t) 
1 
0 it 
—2 —1 0 1 
5.27. e' 5.28. a II ((¢-*/2)/2) , x € (0, 277) 
5.30. 1° /pi? 5.31. 727/16 (x? - 1’) 


5.33. §1, (0<1<z) 
ma 


—* @-m) +a, (<1 <2m) 
ws 
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Answers 


5.1 Special Functions 


5.1. Dirac functions equal zero for all arguments f, except in t = 0 point. Its Fourier transformation 
is derived by definition (5.1) as 


def 


x(o) # f x@ei" dr = {s) 40>¢=0 +. ef? =1} 


= [meter lars [smart 


These two functions, Dirac delta and a constant, Fig.5.9, are said to be “dual” because Fourier 
transform of Dirac function is a constant function, and vice versa, i.e. Fourier transform of a constant 
function is Dirac function. Physical interpretation is that in order to synthesize Dirac function it is 
necessary to add infinitely sin(w ¢), and/or cos(w t), functions of equal powers whose frequencies are 
in the range w € [—o, ov]. 


5.2. Fourier transformation of a delayed Dirac function 6(f — tT) is derived by definition as 


x(o) £ fe! ar= {6¢-—1)405t=T} 


loo) 


oe) . . lo @) 

=f Btn) ee dr = erie f 8(t —t) dt 

—oo —o0o 
det 


= (1) e fet 


That is, see A.5.1, delaying function x(t) by t in time domain is equivalent to multiplying Fourier 
transformation X (w) by exp(—jq@ T) in frequency domain (i.e. it adds phase term). 


Reminder: Fourier transformation of a delayed function f(t — tT) is equivalent to Fourier 
transformation of its non—delayed version F ( f (t)) multiplied by the phase delayed term, as 


F(ft—1)) =FA(fO) eo!" 


Fig. 5.9 Example P.5.1 
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5.3. Fourier transformation of a constant function may be derived, for example, by using “reverse 
engineering” technique, i.e by starting with the inverse Fourier transformation integral (5.2) 


F-\(X(@)) =x) = =f. X(@) e!°' dw 
20 Jo 


Given that x(t) = a, its transformation function X (w) is therefore found as 
def 1 ro ; 
a= ~| X(w) ef?! dw (5.7) 
20 gg 


The idea is to gradually deduce the form of X (w) until the inverse Fourier equality (5.7) is satisfied, 
i.e. its right side of the equation is reduced to a. Evidently, it must be that X(@) = 27 x? so that the 
already existing 1/27 term may be canceled, as 


1 oe ; 
a=— Bmx? ef?! da 
mle = 
Also, it must be that X(w) = 27 ax?, Le. 


(oe) 


1 - 
a= — 2rax? e!°' dw 
2x J 69— 
1 9 : 
a= 2na / 2? ef?" daw (5.8) 
20 =e 
ee 


Note that after 27 terms cancel and (5.8) is reduced to a = ax integral, it is possible only if the 
integral equal one. As already seen in A.5.1 the exponential term is cancelled by exploiting the 
sampling property of Dirac function because 6(w) = 0 for all w ¥ 0, so that the product 


0 Vo #0 


5 —jot _ 
ere is e o=0 


and therefore, by definition 
~ j : def 
/ d(w)e f°! dw = : 5(c) dw =1 
—oo —0o 
That is to say, it has to be that 


1 a 
a= | 2ra S(w) e°' daw 


1 (oe) 


In conclusion, 
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oo . 
g=— X(w) e!°' dw 
ae 
1 2 . 
a=5 | 2a 5(w) ef °' dw 
a). 


X(w) = 27a 6(w) 


Thus, Fourier transformation of a constant ‘a’ is indeed proportional to Dirac function (the 27a term 
is the multiplying constant), as derived in A.5.1 and illustrated in Fig. 5.9. 


5.4. Amplitude of complex exponential function x(t) = e/®°' is constant (i.e. equal one, as the 
radius of a unit circle). Note that @o is a constant as oppose to w that is variable, thus (see A.5.3) 


F(X (w)) = x(t) = as [ X(w) ef °' daw 
20 J_oo 


; 1 Pos ; 
cin =f X(w) ef?! da 
= ANw?) 


—oCo 


: 1 m2 : 
crm 2nx? ef ®' da 
2 J 


(oe) 


In order to factor out exp(j wo ¢) from the right side integral, it is necessary to sample exp(j  f) at 
@ = Wo (note that exp(j wo f) is not function of w). That is equivalent of multiplying exp(j @ t) by 
delayed Dirac function 6(@ — w9), as 


. 1 ee . 
cin = =f 2m x d(w— wo) e °' dw 
oe) A 
eieot — eof 5(@ — wo) ef ?°* daw 

2 = 


CO 
pact | 5(m@— Wo) dw 


(oe) 


ei ot — pivot 


In conclusion, given x(t) = e/ °°", 
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X(@) = F(x(t)) = 2m 5(@ — wo) 


5.5. Application of Euler’s formula transforms cosine functions into the sum of complex exponential 
functions, as 


el vot +e Jeo 


x(t) = cos(@o t) = 5 


Therefore, 


X(w) = F(x(t)) -7[ | -# (> )+ 


ei %ot 
F 
() 


Fourier transformation of a complex exponential function is already solved in A.5.4, thus 


ef vot 
F( 5 )=2 6(@ — w0) 


e ivot 
#( 5 )=2 6(@+ @9) 


In conclusion, 


1 
X(@) = Z [27 5(w — wo) + 2x 8(w + wo0)] = 7 [5@ +0) + 6(@— w)] 


That is to say, Fourier transform X (w) of x(t) = cos(wo t) function is the sum of two Dirac functions, 
one delayed and the other advanced by wo, Fig. 5.10. Note that, X¥(w) € R. This symmetrical form 
is known as “bilateral”, where wo argument is mathematically abstract therefore can be both positive 
and negative. In engineering applications, specifically if @ argument is used to represent physical 


frequency (that can not be negative), bilateral form is transformed into its unilateral equivalent so that 
@o = 0. 


5.6. Application of Euler formula transforms sine function to the difference of complex exponential 
functions. 


Fig. 5.10 Example P.5.5 
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ei ®t _ e-jeot 


2j 


jJ@ot _ p-jeot jJ@ot —jaot 
X(w) = Ft) = F [S| =o (S ~)-9(é ) 
2j 2j 2j 


In A.5.4 Fourier transformation of a complex exponential function is already derived, thus 


el vot 
#( 5 )=2 6(@ — wo) 


x(t) = sin(@g ft) = 


Therefore, 


e svot 
#( 5 )=2 5(@ + 0) 


In conclusion, 


X (a) [2m 5(w — wo) — 2x 8(w + wo) | 


[5(@ — wo) — d(w + wo)] 


. wa NX 


J 
i: 
m [d(w + wo) — d(w — w9)] 


That is to say, Fourier transform of sin(w 9 ft) function is also the sum of two Dirac functions, one 
delayed and the other advanced by wo. However, there is also phase rotation by 2/2 (which is due to 
j term) as well as the negative 6(@ — wo) term. Note that, X(w) € C. 


5.7. Sketch of exponential e~” and u(t) functions product is in Fig.5.11. By definition, Fourier 
integral of x(t), a > 0, is 


X(w yf xo e f°! dt 


bo . 
= e“u(t) e /°! dt 


00 : 
— / e“(1)e/?! dt 
0 


Fig. 5.11 Example P.5.7 
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a . 
= / e tient dy 
0 


{integration by change of variable | 


] lo, @) 
= eat jeyt 
a+ jw 0 


i 
Sa fa) 


a+ jo 


X(@) = 


Modulus |X (@)| and argument 6(w) = arg X (w) plots of complex function X (@) (i.e. Bode plot) 
are derived as, 


(a) |X(@)| : real and imaginary parts of an inverse complex function may be derived as 


1 a— jo a— jo 


a? + w 


a . o 


ae 4 a2 +o 


|X (w)| -| 


a+jo a—jo 
{note negative R(X (w)) > 0 and 3(X(@)) < 0 parts | 


_ a? = aw? _ ero _ 1 
~V (a +02) (a2 +02)? (a2 + wt Ag? + w) 


or, alternatively 


1 1 1 
—|- la+ ja| fat + ow 


It is sufficient to evaluate this even function in only a few important points as 


|X (w)| -| 


1 
oa=0 .. |X()|=- 
a 


1 
@=ta .. |X(o)| = — 


aV2 


lim |X(@)|=0 
—> = 0O 


@ 


then, its graph is sketched in Fig. 5.12 (top). 
(b) 0(m) = arg X(w) : as R(X(@)) > O and $(X(w)) < 0 the argument @(w) is in the fourth 
quadrant, thus negative. 


a) 
6(w) = arctan =o) = arctan ae = atan2 (—w, a) = — arctan as 
R(X (w)) : a 
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Fig. 5.12 Example P.5.7 ix(o)| 


Fig. 5.13 Example P.5.8 


It is sufficient to evaluate this odd function in only a few important points as 
o=0 .. 6(0)=0 


w=+a +. O(a) = —arctan(1) = = 


@=-—a .. 0(—a) = —arctan(—1) = a 
; ua 
ee a 


. a 
lim, (0) = 5 
then, its graph is sketched in Fig. 5.12 (bottom). 


5.8. Sketch of exponential x(t) = e“ u(—t) functions product is in Fig. 5.13. By definition, Fourier 
integral of x(t), a > 0, is 


lore) : [o'e) ; 0 ; 0 : 
x(o)# | x(t) eletar= [ e“u(—t) eletdre [ gf eletar= [ e@-Jort dt 
= = —oo 


(oe) Co —ooO 


— {integration by change of variable | 


i! 
yee? er, 


a— jo 


1 


= ela joyt 
a—jo 


—0Co 


1 


—, €C 
a— Jo 


X(o) 
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Fig.5.14 Example P.5.8 


Modulus |X (@)| and argument 6(w) = arg X (w) plots of complex function X (@) (i.e. Bode plot) 
are derived as, 


(a) |X(@)| : real and imaginary parts of an inverse complex function may be derived as 


a 


a2 + a 


1 a+ jo 


a-—jo a+Jjo 


a+ jo 
a+? 


|X(w)| -| 


a? +a? 
{note negative R(X (w)) > 0 and $(X(q@)) > 0 parts | 


_ a = wo | Oo 1 
~V (a+)? (az+o02)? — (a2 + wt ~ a? + w) 


or, alternatively 


1 1 1 
ya" la—jo| Ja? +o 


Module of a complex and its conjugate number are same, compare |X (w)| in Fig. 5.12 (top) and 
Fig. 5.14 (top). 

(b) 0(@) = arg X(w) : as R(X (w)) > O and 3(X(@)) > 0 the argument 6(@) is in the first quadrant, 
thus positive. 


|X(@)| = F 


wo 
2 
6(w) = arctan oe) = arctan Oe = atan2 (w, a) = arctan su 
K(X (o)) . a 
2 
@ 


It is sufficient to evaluate this odd function in only a few important points as 
wo=0 .. 0(0)=0 
a 
@=-+a .. O(a) =arctan(1) = a 


@=-—a .. 0(—a) = arctan(—1) = -7 


mow 
a Maes 
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. a 
lim, 0(0) = 5 


then, its graph is sketched in Fig. 5.14 (bottom). 


5.9. Given function x(t) = e~“!"| may be written as 


et. t>0 
x(t) =e = 3 1, t=0 
ef, t<0 


as illustrated in Fig. 5.15 (left). Fourier transformation is derived by definition as 

a ee) : oo : 0 ; lee) ; 
x(o)# | x(t) gigs) ell erg) et ere are | ee J?! at 
—0o —oo —o0o 0 


{see P.5.8 and P5,7} 


1 i 1 at ji +a- jo 


~ a— jo at+jo — a> +a 
2a |X(@)| = X(@) 
xX = —~—; Xx R 
(w) oases (oeR => fe 9 


Being a real function X (@) its argument 0(w) = arg X (w) = 0°, ie. it is a constant. It is sufficient to 
evaluate X (a) function in only a few important points as 


wo=0 .. |X(@)|= 


a=ta .. |X(o)|= 


Qle SIlw 


lim |X()| =0 
—> =r OO 


@: 


then, its graph is sketched in Fig. 5.15 (right). 


Fig. 5.15 Example P.5.9 
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5.10. Fourier transformation of TI (rt) function x(t) = a TI (*/r) where t € (—t/2, t/2) is 


wt f° : oo t . t/2 ; 
x(o) # | x(t) eledr= f n(<) cle dr= f aes?! dt 
7 —00 e —1/2 


oe) 


= {integration by change of variable | 


t/2 
a get = (e-Jor?? _ givt/2) 
ie =1/2 Jo 
jot/2 _ ,—jwt/2 
= fil = (efor? = e Jet/2) = 2a let? _ e~jor/ 
2 2) 2] 


. OT 
=aT sinc (=) 
2 
In conclusion, IT (t) and sinc (@) are dual functions in respect to Fourier transformation, Fig. 5.16. 


5.11. Fourier transform of the triangle function x(t) = A (‘/2r) where t € (—t,tT) may be 
performed by exploring derivative properties of Fourier transform of function derivatives (Fig. 5.17). 


Reminder: Given f(t) and its Fourier transformation F(@), derivative property of FT is 
F (f'@)) = jo FO) 
F (f"(x)) = Go) F@) = —o* F(a) 


F (f(a) = Go) Fo) = —jo* Fo) 


or, in general 


F053 joy Fo) 


| 
—1/2 0 1/2 


Fig. 5.16 Example P.5.10 
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Fig. 5.17 Example P.5.11 x(t) 


Derivatives of a triangle function may be deduced by graph inspection method. 


(a) First derivative x’(t) of a piecewise linear triangle function x(t) may be deduced for each interval 
separately, Fig.5.17 (top) and (middle). Horizontal intervals of x(f) are constant, thus their 
derivatives equal zero. Two slope intervals are constant, thus by definition of tangent function 
in right triangle, as a/(£T), ie. 


dx a 

SS ~~ ,0 
°F = x € (-T, 0) 
dx | a. (0,2) 
wo ee 


(b) Second derivatives x"(t) indicate points where x’(t) change. Evidently, see Fig. 5.17 (middle), 
there are instantaneous changes of x’(t) at t = (—t, 0, tT). An instantaneous change is modelled 
by Dirac function. Sharp step from zero to a/t at (tf = —T) generates positive Delta function, 
sharp step from zero to —a/t at t = tT generates negative Delta function, and sharp step from 
a/t to —a/t at t = O generates negative —2a/t Delta function. 


By inspection of Fig. 5.17 (bottom) it follows that 


d?x 
dt? 


a ee, eet wee | my 
T T T 


= (50 + 1) —28(t) + 8(t —7)) (5.9) 


Fourier transformations of Dirac delta functions are already derived in A.5.1 and A.5.2. Then, by 
knowing FT of each Dirac term in (5.9) and by applying derivative property of FT it follows that 


j d’x bp ti se 
(joy X(o) = # (SH) = (co —-2+e J ) 


a : % 2a 
Xo) = —5( el + oF -2) = 

—-WOTT =< OrTv 
2cos(wt) 2 sin? (wt /2) 


( 1—cosar ) 
—— 
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127 


at |——_ 


_atsinc? ($) 


Fig. 5.18 Example P.5.11 


Fig. 5.19 Example P.5.12 


9 (OT 
= at sinc* | — 
2 


1 
Lim, —é5 


t 


= —- — 2 sin” (=) = at sin(wt/2) sin (wt/2) 


ot /2 ot /2 


In conclusion, A(t) and sinc?[@] are dual functions in respect to Fourier transformation, Fig. 5.18. 


5.12. Sign function sign (t) is non—convergent for tf — oo, and by consequence direct application 
of Fourier integral also produces non-converging result. Some of the possible techniques that may be 


used are as follows (Fig. 5.19). 


Method 1: sign function may be expressed as 


sign (f) = u(t) — u(—t) 


In addition, e® = 1, which can be also written as 


lim e7 
a>0 


and therefore it is also valid to write 


rat __ 7 


u(t) = ()u(@t) = lim e~“" u(t) 


—u(—t) = (-1) u(-t) = — lime“ u(—t) 
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By doing so, see Fig. 5.19, sign (f) is replaced with the equivalent x(t) that is convergent, as 


x(t) = sign (t) = u(t) — u(-t) = lim (e" u(t) — e u(—t)) 


a {see A.5.7 and A.5.8 | 


on i : 
X(@) = F(x) = lim aetjo ajo) jo jo 
a> Jo — Jo 
2 


ars 


Method 2: exploit the derivative property of Fourier transform as 


x(t) = sign (ft) = 2u(t) — 1 {see A.2.11 and A.5.1 \ 


EY 2230) 5 joX@=2 2 X@O=— 
d = 


5.13. Step function u(t) is nom—convergent for t — oo, and by consequence direct application of 
Fourier integral also produces non—converging result. However, see A.2.30 and A.5.12, 


2o=0n= ae 
X(w) = F E = | = {.F( constant ) + ¥ (sign (t) }) 


1 1 1 1 Z 
= FP a —F i t — = ry) or ges 
(5) + 5 F (sign (1)) = 2x ZIO+9 Fe 
1 
= 1 5(t) + —— 
jo 
5.14. Derivative of Gaussian function is 
xQ)hee? 3. x(t) =—2te? = 2 x(0) (5.10) 
therefore, FT of left and right sides in (5.10) is 
F (x’(t)) = -2F (tx(t)) (5.11) 
after substituting FT derivative property F (x’(t)) = jw X(@) in (5.11) it follows that 


jw X(w) = -2F (tx) (5.12) 
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thus it is necessary to derive F (tx (t)). By definition, 
[o.e) 


X(o) = F(w) = | x(the/°' dt 


—0o 


{left and right side derivative, note that x(t) 4 f() | 


d d " —jot - d —jot 
— X(@) = — x(the /°' dt= x(t) —e/°' dt 
dw J_oo _ dw 


dw 4 
bo . 
=-jo | tx(the J?! dt = —jw F(t x(0)) 


(oe) 


4 
F (tx) = — 7 Xo) = ~ x'(w) (5.13) 


Substituting (5.13) into (5.12) results in a first order differential equation with constant coefficients 
relative to X (w) as 


jo X(@) = 2/4 x'w) 
@ 
/ wo 
X'(w) = - 7X) {X(@) =y} 


This differential equation is solved by the separation of variables method as 


d d 1 1 
w=-5) > S=-5 f wdo => Iny—InC =—7a* e: y=Ceol4 
Return to X(w), 
oe 2 a wo 
x(o) # [ ee /°' dt=Ce 
—o0o 


Simplest initial condition is X (0) = C, so that e° = land 


oe) 
C -|/ e* dt= {see Vol. I } = Jz 


(oe) 


In conclusion, 
X(o) = Jre"4 


5.15. Fourier transform of sinc (t) function may be derived as as follows 


CO CO s 
: _ th _, 
x(o) # | xeett dr= f sino #) p— jor ay 


lo) co Wot 


= [ Ts iets [ costes) — jsin(or)] dt 
Oot 


—0o 
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a oa | 
=} — sin(wo t) cos(@t) dt -if —— sin(@o t) sin(wt) dt 
_« Wot _o« Wot 
=l-jh 


See Vol. II where it is shown that 


lee) = 1 
i ety dy = —_ (5.14) 
0 aot 


That is to say, the two integrals J; and J, are solved separately as follows. First, solution to [, 


oe 
a =| a sin(wo t) cos(wt) dt 


co 0 


— {substitute (5.14) and use trig identity for product, as | 


i / e 20'Y dy ; (sin((oo + w)t] + sin[(@o — @) ) dt 
—oo JO 

1 [o,@) lo, <) igh ay : . 

6 i [ err dy (sin((oo + w) t] + sin[(@o — @) ) dt 


1 CO [o.@) 1 CO CO 
=- i, ay | e Y' sin((@ + wo) t) dt — = i ay | e °°” sin((w — wo) t) dt 
2 —oo 0 2 —0o 0 


= {see: Vol. I | — 


=5f-| oa+ao Je-cf| O-— 9 |¢ 
2 bol @+o0?+@oy| ” 2/0 @— oor + @oy?| ” 


{see: Vol. II, as well as w, wo # f(y) Le. they are constants relative to y | 


a 
= sien (@ + wo) — sign (@ — 0 
200 


The last result defines II (@/2#)) as illustrated in Fig.5.20, which is expected as dual function of 
sinc (t) function. 


Integral /> is solved by following the same idea as for /1, 


commas | 
Ih =a hak sin(@o t) sin(wt) dt 


oo WO 


Pf e= (ote mar)-raleson) 
—oo J0 


oe) oe) CO oe) 
|| ay | e °°” cos((w@ — wo) t) dt — / ay [ e °°”! cos((@ + wo) t) ar| 
oo 0 —oo 0 
oe) 


[/ woy : -f- woy ay 
99 (@— 2 + Woy? > Igo (+ Ho) + oy?” 


NI NIK Nie 
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(a) x(@) (c) x(@) 
1 2 
sign(@ + @o) sign (@ + @) —sign(@ — @) 
0 o 
1 
at u @ 
—Oo 0 @o —W0 0 Mo 
(b) x(@) x |@ x(@) 
1 ss 
—sign(@ —@o) = 2, (Sign (@ + wo) — sign(@ — @o)) 
0 ai | 
1 
0 o 
—Wo 0 @o —@0 0 @0 
Fig. 5.20 Example P.5.15 
2 2 2 1 
xX =(@L0)°+(oy) «. dx =2a,ydy .. woydy= oo dx 
1 - dx 1 as 
= Inx 
2G a. & 200 aes 
1 CO CO 
oo 1 = 2 2 _] 2 2 
= n| (@ — wo)" + (@oy) n| (@ + 0)" + (oy) 
4wo —oo —oo 


z 


z 


rH 


1 
ra In| @— eo)? + oy)?| 


| [oe] 


= In[(@- eo) + @oy?| | 


—ooO 


= In| (@+ wo)? + (we vy P+ In| (w+ wo)? + (ooy)?| L 


[Ina +Inb =In(ab); Ina—Inb =In 3 Ina? = bina} 


(@ — wo)? + 


(woy) |~ 


(w — 0) + 


(woy)? 


4wWo 


{i 


{inf tim 


y>oo (wW + Wo)? + (wo y)? 


(@ + @0)? + (wo y)* 


(w — w0)? + (@oy)?? 


E 


(@ + @0)? + (wo y)? 
(w — w0)? + (oy)? 


| 


. 20% y 
2 


tee 


lea 
b| 


x : fIn(1) — In(1)] = 


— lim E 
yoo 


(@ + @0)? + (wo y)? 


a 


(w — 0)? + (@oy)?? 


(@ + wo)? + (wo y)? 


(w — w0)? + (@oy)?? 


yo- © Qui, 


20% Y 


y>— “00 2a, y 


| 


lim eis 


[}= 
| 


CO 


CO 


) 


|- i i im 
y>—00 (w + w0)? + (wo y)? 


I 
JJ=( 


[o,@) 


CO 


) 
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In conclusion, 


© sin(wo t 0 a 
xo) = | OOD ie dr = + LK = b= | sign (0+ 09) sign o—00)| 
0 Wot 20 


5.2 Composite Functions 


5.16. Given x(t) may be decomposed into the sum of two II (t) functions, x,(t) and x(t) as 
illustrated in Fig. 5.21 (left), where 


x,(t) = II (5) and x(t) =TII (5) 
th=Tl : II : 
“=n(7)+n(5) 


the total Fourier transformation is therefore the sum of two FT, see P.5.10, as 


X(@) = F (n (5)) + F (n (5)) = 4sinc (2m) + 2 sinc (w) 


5.17. Using graphical derivation method and derivative properties of FT it follows that, 


x(t) = —2sigen(t-—2) «. x’) =—48(¢-2) ©. joX(w) = —4e 2° 


X(@) =—-— e7/ 
2 x(t) , | x(t) 
0 fF t i I : 0 
—2 0 2 t 
2 x(t) 4 @ 
op—t | T1(/r) 
2 0 2 1 
2 | x(t) ° 
0 — 0 t 
as) 0 a —t2 0 7/2 


Fig. 5.21 Examples P.5.16, P.5.18 
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5.18. Given RF pulse /(t) may be decomposed into the product of x(t) = acos(j wo t) and II(t/t) 
functions, Fig. 5.21 (right), i.e. 


h(t) = acos(j wo t) H(t/z) 


where, wo = 27 fo is the RF sine frequency, and rt is duration of RF pulse. 
By using Euler’s formula it follows that, 


x(t) = acos(@o t) = 5 (exp Wo t) + exp(—j wo t)) 


then, Fourier transformation is derived by applying the frequency shifting and time scaling proper- 
ties, 


Reminder: 
Frequency shifting property: e~/ °°! x(t) eX (@ — wo) 


2 ae ll @ 
Time scaling property: x(at) > Flee (=) 
a a 


that is to say 


T(t) > sinc(t) .*. T(t) exp(j wo ft) > sinc (w — w9) 
a : a , 
h(t) = 51 (/) exp wot) + STI (x) exp(— Jj @0 2) 
at 
H(@) = F(h(t)) = os (sin (@) (t(@ — wo)) + sinc (@) (t(@ + 0) 


That is to say, if wo tT > 1 then, see Fig. 5.22 


at 
> sine (w)(t(@—a@0)) 3; o>0 
H(w) = +0 ; wo=0 
at 
> sine (w)(t(@+a@0)) 3; o<0 


Fig. 5.22 Example P.5.18 
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Fig. 5.23 Example P.5.19 


5.19. Given function x(t) may be decomposed into the sum of port and triangle funcitons functions, 
Fig. 5.23, ie. 


x(t) = 1 (t/4 — 2) + A(/2 — 2) 
then, Fourier transformation is derived by applying the time shifting and scaling properties as 


F(x) = F (1 (4 — 2)) + F (Al2 — 2) 


= 4e~/*” sinc (4w) + 2e7/° sinc” (2w) 
5.20. Given function x(t) in Fig. 5.6 may be decomposed into the sum of two port functions, as 
x(t) = TM (¢/2—-1)+ N24 3) 
that is to say 


F (x(t) = F (M(t2—-1)) + F (12 + 3)) 


= 2e~/” sinc (2w) + 2e/ *” sinc 3a) 
5.21. Given x(t) in Fig. 5.7, it may be decomposed into the sum of two triangle functions, as 
x(t) = A(/2—1) + A(‘2 +3) 
that is to say, after applying the time scaling and delay properties of FT, 


F (x(t) = F (A((2 — 1)) + F (A(/2 + 3)) 


= 2e~/® sinc? (2w) + 2e/ *” sinc” (3w) 


5.22. Given function x(t) in Fig. 5.8 may be decomposed into the sum of two triangle functions, see 
Fig. 5.24, as 


x(t) = A(*/2— 1) + A(?2) 
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Fig. 5.24 Example P.5.22 


that is to say, after applying the time scaling and delay properties of FT, 


F (x(t) = F (A('2—1)) + F (Al?) 
= 2eJ sinc? (2w) + 2sinc? (20) 
= 2sinc? (2w) (e/” + 1) 


5.3 Fourier Series 


5.23. Given f(t) =a, in (—7, z) interval, coefficients of Fourier series are 


ww 


1 f* 1 f” 
a= — fiyar= = f adt = — 
HT Jin w JL 


8 


# O'= 2 
=> — = Za 
Pa 


Tt 


uw 


if? 1? 
an = = f(t) cos(nt) dt = - | acos(nt) dt = = sin(nt) 
a x JL nw 


1s 


—1 —1 


0. 
=“ (sina sint-mry” ) = 


1 vs 1 Tu 
b,=— | f(t)sin(nt) dt = — / asin(nt) dt = —— cos(nt) 
n Jon mt Jon ni 


= —— (cost) — coser)) = 0 


Therefore, Fourier series of f(t) = a is 


fO= > a a cos(nt) + <a sin(nt) = — “24 vent Sos 
n=1 n=1 =1 =1 


That is to say, Fourier series of a constant is simply the constant itself. 


of 


—T 


5.24. Given sawtooth f(t) = (4/z) t, in (—7, 7) interval, coefficients of Fourier series are 
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= 55(x - (-2)') =0 


1 7” 1 (7 a a» 
aj = — f@ dt= tdt = 5 t 
an JW 20 


TN 


wu a 


1 1 a 
a, = — f(t) cos(nt) dt = al —tcos(nt) dt = {see Vol. II | 
IW IT a 


Tl —it 


uw 


= . 7 (nt sin(nt) + cos(nt)) 
rn 


Tl 


a 0 0 
= =a (nz sine” + cost) — n(—m) sin — cos(—mr)) 
=0 
1 7 ; 1 f7 a . 
b, = — f@ sin(at) dt = - | —tsin(nt) dt = {see Vol. I} 
HU Jin nJjJ_.0 


4 


uw 


= ae (—nt cos(nt) + sin(nt)) 
Mt —1 
0 
= 4 (-nn cosin) + sinter 4 n(—m) cos(—nn) — sina") 
= eee cos(nz) = at (—1)" 
nth ——— nit 


(-b" 
Therefore, Fourier series of sawtooth f(t) = (4/x) t is 


f= > +) >a, cos(nt) + )~ by sin(nt) = : + 5/0 cos(nt) + 5° _ (—1)" sin(nt) 


n=1 n=1 n=1 n=1 
2G bo 
=—-— \\(-D)" sin(nt) 
ae n=1 
2a 2a 2a, 
= — sin(t) — — sin(2t) + — sin(3t) —--- 
a 20 370 
Note that sawtooth f(t) = (4/z) tfunction is odd, i.e. f(x) = —f(—x), and therefore all a, = 0. 


This is a general property of all odd functions. The sum of first five terms of the Fourier series f(t) 
is already close approximation of ideal sawtooth function, see Fig. 5.25. 


Fig. 5.25 Example P.5.24 
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5.25. Given absolute sines f(t) = | sint|, in (—z, 7) interval, note that it is an even function and 
always positive as | sint| > 0 (a cosines is also even function). Thus, integrals may be calculated only 
in the positive (0, 77) interval then multiplied by two so that coefficients of Fourier series are 


a as 


a 1 ; yy ae 2 
a=— f(t) dt= - | | sint| dt = =f sint dt = — (—cosf) 
HT J_n Jin Ww Jo a 


0 


2 4 
= —(—cosz +cos0) = — 
W WU 


wu 


“y= é f(t) cos(nt) dt = - | 
a Xu 


Tt Tt 


os 


2 wu 
| sint|cos(nt) dt = =| sint cos(nt) dt 
Jo 


1 1 ff”. 1 /". 
= {sinx cosy = 5 (sine + y) + sin(x — ») | = -{ sin(t + nt) dt + -{ sin(t — nt) dt 


1 
= {rt n=a s, Utada = dx x c= ax| 


rn 


4 


=-- cos(t + nt) : eine cos(t — nt) ! 
= (ole go) ale 40-0))— 1,4 (ett oe)- t= 0-9) 


(-b" =1 (-1" =1 
bi-1Pd. Pea bard 2 eel 


= , 22) 
xz i1l+n xz i1l-—n mz (1l+n)(1 —n) 


os 


1 1 
— | f(t)sin(nt) dt = - | 
" IT 


ae — 


Tu 


= 
FE} 
Il 


2 wv 
| sint| sin(nt) dt = = [ sint sin(nt) dt 
mT Jo 


1 1 1 1s 1 os 
{sinx siny = 5 cos(x —y)- Feoste +») — =| cos(t — nt) dt — a cos(t + nt) dt 


1 
= {rents % CUstnjydt= dx 3. dt= ax | 
ltn 


Uw 


bt , - Le 
=— sin(t —nt)| — — sin(t + nt) 
IU =f 0 n 0 
= +4 (sin(( ~n)r) — sin(( — n)-0)) = 4 (sin( +n)x) — sin(( +n) -0) ) 
zil—-n —E——————— mwil+n ee 
=0 =0 =0 =0 
=0, (1 = 2) 


Therefore, Fourier series of absolute sines f(t) = | sint¢| is 


6? Hil oa 
fM= = + bs Fea =n cos(nt) + 2? sin(nt) 


2 S42 Citi 
a d dante 
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Fig. 5.26 Example P.5.25 
a F(t) + 


0 
2 4 2 (= 1 
= — — — cos(2t) + — GYyFT 

x 3n 


4 4 
eT Toh eet = Ge eS 
riLai=3 °°: iG oa 


Note that absolute sines f(t) = | sint| function is even, i.e. f(x) = f(—x), and therefore all b, = 0. 
This is a general property of all even functions. The sum of first four terms of the Fourier series f(t) 
is already close approximation of ideal absolute sines function, see Fig. 5.26. 


5.26. Given sines cube f(t) = sin’ t, in (—z, 1) interval. An attempt to calculate coefficients of 
Fourier series by definition may turn out to be very long and tedious, as a, and b, integrals are 


¥ 


wu 


1 f” 1 f” .,; 1 
a= — f@) dt= - | sin’ t dt = {see Vol. II | = — | (—cosf) 
UT Jen a JL 4 


+ Tost 
— cos 
é 4 


— 


= 1 (~cosar+ cost-aF+ 5 (cos? — cosa) 


4 


=0 


i a 
a,=— |] f(t)cos(nt) dt = — i sin? t cos(nt) dt 
a mw JL 


1s 


1 [” 1 /” 
b, = — f@ sin(nt) dt = — / sin’ t sin(nt) dt 
a a 


TN Tt 


which is doable by multiple methods but not always trivial to resolve. 


Instead, by noting that sin*f is already trigonometric function, first it may be transformed by 
applying identities, as 


(1 — cos(2r)) 


NIle 


1 
sint sint = 5 (cost —t)—cos(t + t)) = 


rane ep) : 1 . 1 F 1 : 
sin’ tf = sin’ ft sint = 5 _ cos(2r)) sint = 5 sint — 5 cos(2t) sint 


ewe rere ar 
=5 sint — 5 € (sin(2t + t) — sin( '~»)) 


1 1 
= -— sint — — sin3t+— sint 
2 4 4 
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Fig. 5.27. Examples P.5.26, P.5.27 


Therefore, Fourier series of sines cube f(t) = sin’ f consists of only two non-zero terms , as 


f(t) Bip see aie 
= — sinf — — sin 
4 4 


and all the other terms are eliminated by zero coefficients. Which is to say that Fourier series does 
not have to be infinitely long. In addition, this finite series contains the only terms of sines that are 


needed to exactly create sin? t waveform, see Fig. 5.27 (left). 


5.27. Given exponential function f(t) = e', in (—z, 7) int 
neither odd nor even. Coefficients of Fourier series are 


erval, note that exponential function is 


1 ° 1 . t I t a 1 IC 70 
aj = — f@) dt = — e dt = — (e’) = —(e*” —e”) 
WU Jin UJ ix 4 _7 
1. f 1 /” , 
ay, = — f(@) cos(nt) dt = — e cos(nt) dt = {see Vol. I | 
Ww Jin TJ -% 
(aay Sinem) (e" $e") + (nn) (e" ~e-*)) 
= —(———__ sin(nx cos(nz) (e” — 
mw \n?+1 i. e - ee ne 
=0 (-1)" 
1 (=1)* +14 —1 
Tame 
1 qu 
b, = — “F) sin(nt) dt = e’ sin(nt) dt = {see Vol. II | 
WT Jen —1 
= ( ) (e* 4+ in( ) (e" +e*)) 
=—(- cos(nz) (e” — —>— _ sin(na 
r+] —— ° n+] e 


ci 
n 


wae 


1 
wn 


e 7) 


Therefore, Fourier series of exponential function f(t) = e’ is 


{ 1 1 
fO= ee = ee ea —e *) cos(nt) — > — 
W pet cee 1 
= = (5 pies G 1) 2 


” cos(nt) — se Zot (—1)" sin(nt) 


=0 


(oe) 


(—1)" (e7—e7*) sin(nt) 


oe 


= 
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Note that exponential function f(t) = e' function is neither even nor odd, and therefore a, 4 0 and 
b, # 0. This is a general property of non—even non—odd functions. The sum of first several terms of 
the Fourier series f(t) is shown in Fig. 5.27 (right). Note that many more terms are needed for good 


approximation close to the interval’s ends. 


5.28. Given port function a I (¢-/2)/r), in (0, 277) interval, (it is not even). Thus, 


tf pm at -[ dt =" *®, 
a= — — ed a = =a 
: Jn TH JO KR 


u 4 


1 1 [7 1 
an = = f(t) cos(nt) dt = -{ acos(nt) dt = ed sin(nt) 
WT Jn wT Jo mn 


0 
la,. . 2a, 

=—-— (sin(0) _ sin(—nz)) = —-— sin(nz) = 0 
mn un 


T of 


1 ie i | 
b,=— f(t) sin(nt) dt = - | asin(nt) dt = a5 cos(nt) 
1 mw Jo wn 


Tt 


0 


1 a 1 a n 
= ae (cos(nz) — cos(0)) = eer ((-1) = 1) 


Therefore, Fourier series of port function a IT (-7/2)/z) is 


Co 


fae 1 a Ans 
i= 5 > Y 0 cos(nt) + = », (1 — (—1)") sin(nr) 


n=1 n=1 


“i. @—1 Whos 
a 


a 2a. 2a 2a, 
= —~+— sin(t) +0+ — sinGt) +0+ — sin(5t)+--- 
2 3m 5x 


Note that port function a IT (¢-7/2)/z) function is not even. The sum of first few terms of the Fourier 


series f(t) is close approximation of an ideal port function, see Fig. 5.28. 


Fig. 5.28 Example P.5.28 
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5.29. Given port function aT] (‘/z), in (—z, 7) interval, note that it is an even function. Thus, 
coefficients of Fourier series are 


lf sod af. dt = 
— —e a = — =a 
ee ca ne Ww J_ nS 


m/2 

1 1 1 m/2 la ; m/2 
an = — f@ cos(nt) dt = — acos(nt) dt = —— sin(nt) 

HT Jn WU J—x/2 un —n/2 

la,., . 2a, 

=—- (sin(nz/2) _ sin(—nz/2)) = —-— sin(nz/2) 

mn wn 

1 7? 1 pe. la ea 
b, = — f@ sin(nt) dt = - | asin(nt) dt = ——-— cos(nt) 

UT Jn a —n/2 un —1/2 


& --! (cos(nx/2) — cos(—nz/2)) = =< (costes) — costan{Z)) = 0 


Therefore, Fourier series of port function a T] (*/x) is 


(oe) 


f= 5 +) =< sin(nz/2) cos(nt) + ) 0 sin(nt) 


n=1 n=1 


o.@) 
a 2a 
= ) —-— si 2 t 
2 tl | sin(nz/2) cos(nt) 
_a 


2a 2a 2a 
+ — cos(t) + 0 — — cos(3t) + 0+ — cos(5t)+--- 
2 3 52 


Note that port function a T] (‘/z) is even, ie. f(x) = f(—x), and therefore all b, = 0. This is a 
general property of all even functions. The sum of first few terms of the Fourier series f(t) is close 
approximation of an ideal port function, see Fig. 5.29. 


5.30. Given square function ”/r?, in (—z, 7) interval, note that it is an even function. Thus, 
coefficients of Fourier series are 


1 f* 1 7 2 I. 4 
a=— f@ dt= 5 dt = t 
a uw J_7 


ee = ae ee ee ee 
Pies Cay) = sar = 3 


a ia 1 
a,=— | f(@cos(nt) dt = — | 1’ cos(nt) dt = {see Vol. II } 
WJ 7 14 


Tt 


Fig. 5.29 Example P.5.29 
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Fig. 5.30 Example P.5.30 
1 
0 t 
172, . 4. 4 1 4 
=— | -7° sin(nz) —-—5 sin(nz) +527 cos(nz) | = — = (-1)" 
mMB\n Ce BW We a? n? 
=0 =0 (-1)" 
1 [” . 1" ,. 
br =— |] f(t)sin(nt) dt = — | tf’ sin(nt) dt = {see Vol. 1} = 0 
TW J—n7z TU Jn 
Therefore, Fourier series of square function “*/z? is 
t sot. A , ae 
(Oa. * 2 =a gz 1” cos(at) + 20 sin(nt) 
1 G14 : 
=,+ > = a (- 1)" cos(nt) 
= — 5 cos(t) + 5 2 608(21) — 5 = cos(3r) + 5 — cos(4t) + 
= —- — — Cos — -—cos — — —cos — — cos vee 
3 x? m4 m9 m? 16 
Note that square function ”/z? is even, ie. f(x) = f(—x), and therefore all b, = 0. This is a 


general property of all even functions. The sum of first few terms of the Fourier series f(t) is close 
approximation of an ideal square function, see Fig. 5.30. 


5.31. Given square function 77/ 16(2? _ #). in (—7, 77) interval, note that it is an even function. 
Thus, coefficients of Fourier series are 


1 ca ] Ts? 1? a 1 ca 
= t)dt=— = =f" a= =~ | di=— | Fadi 
a FO ia TAL ) 16 J_ 16 J_, 


ao = 
Iu vs 
5 oe ae 
~ 8 24° 12 
i 1 f* xn) 
an = — f(t) cos(nt) dt = — — (x =f ) cos(nt) dt 
HT Jin a J_, 16 
3 8 0) cr 
= a =| #? cos(nt) dt = {see P.5.30} 
164; 16 J_, 
x 1 


ae 
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Fig. 5.31 Example P.5.31 


= 
3 
Il 


1 f7 . 1 [7 x2 > an. 
= f(t) sin(nt) dt = — — (x* — t*) sin(nt) dt 
Jen x J_, 16 


1? iT 1 a4 0 
= =f sinffit) dt —-— — tsintif) dt = {see P.5.30} =0 
16 16.4; 


Therefore, Fourier series of square function 7*/ 16(27 - x) is 


mt Or? 1 = 
fM= a 2 x ia cos(nt) + 2, 0 sin(nt) 
x4 oe mr fi 
a7 ae 2d 7 2) cos(nt) 
AP ee" ene aes ae 
— — Cos — — — cos — — COS — — — COS ee 
24° 4 44 49 4 16 


Note that square function 7/16(x0? a bat) is even, i.e. f(x) = f(—x), and therefore all b, = 0. This is 
a general property of all even functions. The sum of first few terms of the Fourier series f(t) is close 
approximation of an ideal square function, see Fig. 5.31. 


5.32. Given triangle function —24/z |t| + a, in (—z, ) interval. Thus, coefficients of Fourier series 
are 


1 [7 1 [7 2a . 2. [* 2a 
dg = — f@dt=— ——|t)+a])dt= {even function} = — ——t+a) dt 
HT Jin an a a Jo TU 
4a i: “2 f* A2a1,|" 2a 2a 
a) tae) gee 24 | poe eS 
x Jo x Jo a a es 


Integral of absolute linear function and cosine product should be split in two intervals, as 


Tu 


1 1 
a, = — f(@) cos(nt) dt = -| 
a XN 


Tl 


8 


2a 
(-= |t| + “) cos(nt) dt 
T 


us 


= -=/ |t| cos(nt) dt + es cos(nt) dt 
—i a 


TN 


0 cr iu 
a 2a a 
=—— | (-2) cos(nt) dt — =| t cos(nt) dt + “/ cos(nt) dt = {see Vol. II} 
8 0 4 


2 
ua —7 —1 
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0 


2. 2 oe 
= = (—t) cos(nt) dt — =| t cos(nt) dt + * (sin@rxy — sin(—n7)) 
aA mr Jo nw 


it 


7 a 1 Ge ft... ., 1 - 
= —— | —-t sin(nt) — — cos(nt) — — | -¢ sin(nt) + — cos(nt) 
1? n ne ag EP Oa n> 0 
2 1 1 2 1 1 
= —= (——0-sineoy — = cos(0)) i = (7) sint-wxJ ~ — cos(—nz) ) 
(-1)" 
2a/1 1 2a /1 1 
es =(- x sine) + — cos(nz) ) 5. (= 0 sintoy + aa cos(0)) 
m*\n nr — m2\n n2 
(-I" 
2a 2a i 2a i 2a 4a P 4a 
~ 2g? ie  pP? Ch" nn nex? “ne nn? 
4a 


=55(1-(C") 


Integral of absolute linear function and sine product should be split in two intervals, as 


ns 


1 1 
a f(t) sin(ut) dt = -| 
a 4 


TN Kr 


ww 


Dn 


2a . 
(-= |t| + a) sin(nt) dt 
ue 


2a % 7 a 7 : 
=-—= | /el sin(@vt) dt+ — sin(nt) dt 
JO fe A 


i 


a 


0 1 
= ( i (—t) sin(nt) dt + i t sin(nt) ar) + (-cos(nt)) 
Iv = 0 nIv 


1s 


TN 


= {see Vol. I | 


2a 1 1, 
=-> ( (5 cos(nt) — = sin(n)) 
Xu n n 


al 
+ —-( —cos(n7) — (- cos(—nz)) ) 
_ 


0 


4: (->: cos(nt) + = sin(n)) 
n n 0 


Tt 


=0 


2. 1 1 1 1 
ae — 0 cest0) — — sin(O) | — | — (—2) cos(—nz) — — sin(—nz) 
m2 n n— n n —— 
=0 =0 
1 1, 1 1, 
+ | —-—7 cos(nz) + = sin(nz) | — | ——Ocest0) + a sin(0) 
n nn” ——~-———’ n nt ——24 
=0 =0 
2a 


_ (-- (—z) cos(—nz) — i cos(n)) — — = (costa — costa) 
n n fe 


m2 


=0 
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Fig. 5.32 Example P.5.32 


0 
_q\—™ 
—% 

Therefore, Fourier series of triangle function —24/z |f| + a is 

— 4@ 

f= x aa — (-1)") cos(nt) 
n=1 
8a 8a 
= =) cos(t) +0+ 352 cos(3t) +0+ 522 cos(5t) +--- 


Note that triangle function —2¢/z |t| + a is even, i.e. f (x) = f(—x), and therefore all b, = 0. This is 
a general property of all even functions. The sum of first few terms of the Fourier series f(t) is close 


approximation of an ideal triangle function, see Fig. 5.32. 


5.33. Given triangle function 


a 
—t, (0<t<z7) 
IT 


x(t) = 


— @-m+a, (1 <t<2n) 
IU 


in (0, 277) interval. Thus, coefficients of Fourier series are 


1 i fe Lf 7. @ 
—| f@a= t dt + (-<@-2)+a) dt 
1 a Jo 1 a a 


ao 


1 ("a 1 2" a a de a an 2a 27 
= t dt + (-=@-2) +a) dt=—[ ta-—-S] tart = dt 
x Jo 1 In aa a Jo mu J, a 


oe a (4x2 x? 2a a ot 2% 
“m2 22 o2)'x”™ 2 27% 
=a 


Integrals a, of piecewise linear segments may be resolved separately, as 


.S 
| 


{see Vol. I and P.5.32} 


a a 
= -=5(1- Cb") - So (1-") +0 


2 
=-3(1- CD’) 


n?7?2 


1 5a a 514 a Qn 2a 2n 
=— f(t) cos(nt) dt = — t cos(nt) dt — — t cos(nt) dt + — cos(nt) dt 
us —1 m2 0) mr? 1 te 4 
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Fig. 5.33 Example P.5.33 


Integrals b, of piecewise linear segments may also be resolved separately, as 


1 1 ; a u ; a Qn ; 2a 20 ; 
b, = — f@ sin(ut) dt = =f t sin(nt) dt — =| t sin(nt) dt + = sin(nt) dt 
ua —I 1s 0 Tv 1 Tw 4 


a n a n_ 2a _ n —_ 
-=— 1" = ("= 2)4 =(p"- 1) 

a A a 4 a 2a 5 a 
— 2th - Seth Bs Beet -E 
0 


Therefore, Fourier series of this triangle function is 


CO CO 
a 2a : 
fO= a: ) a ll - (—1)") cos(nt) — y 0 sin(nt) 
n=1 n=1 
a Aa 4a 4a 
=e OO) eg CORED — ag RON A 


The sum of first few terms of the Fourier series f(t) is close approximation of an ideal triangle 


function, see Fig. 5.33. 


Check for 
updates 


Discrete-Time Fourier Transform 6 


Fourier sum is defined as 


N-1 cle 


F (Xn) = XE ae 
F—' (X[k) k|) = 7M exp adits 


Fourier series is defined as 


20 


[oe 
x)= DP Cel! , wg = 


k=—0o0 


1 to+T : 
C, = a x(t)e 1°! dt 
T Jr 


Problems 


6.1 Simple Seqences 


Given functions x[7] in P.6.1 to P.6.6 (assume (|a| < 1, t > 0), derive Fourier transformations X (w). 


6.1. x[n] = {1, 2, 3,4} 6.2. x[n] = {2,3,-1, 1} 6.3. x[n] = 46[n], N = 16 
6.4. x[n] = 5[n — no] 6.5. x[n]=1, N= 16 6.6. x[n] = a" u[n — 1] 
© The Author(s), under exclusive license to Springer Nature Switzerland AG 2024 147 
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6.2 Fourier Series 
Given functions x(t) in P.6.7 to P.6.12, derive their Fourier series. 


6.7. Derive discrete Fourier transformations X[k] of the following functions x(f). 
x(t) = sin(1 Hz), sampling frequency f,; = 8 Hz. 


6.8. Given f(t) = 1 — (t/z), derive its Fourier series if t € [—z, zr]. 

6.9. Given square waveform in Fig. 6.1, derive Fourier series assuming a = T /4. 
6.10. Given square waveform in Fig. 6.1, derive Fourier series assuming a = T/8. 
6.11. Given square waveform in Fig. 6.2, derive its Fourier series. 


6.12. Given x(t) waveform in Fig. 6.3 derive its Fourier series. 


Fig. 6.1 Example P.6.9 


Fig. 6.2 Example P.6.11 


Fig. 6.3 Example P.6.12 


6.4 Fast Fourier Transform 149 


6.3 Inverse Discrete Time FT 
Given discrete sequences X[k] in P.6.13 to P.6.14, derive their inverse Fourier transforms x[n]. 


6.13. X[k] = (10, -2+2/, -2, -2-2j} 6.14. X[k] = {5,3 — j2, -3,3 + j2} 


6.4 _‘ Fast Fourier Transform 
Resolve questions in P.6.15 to P.6.21. 
6.15. Assuming the audio spectrum signal, [20 Hz, 20 kHz], estimate the time needed to calculate 
discrete Fourier transformation (DFF) by hands, if the desired resolution is 1 Hz and it takes 1min to 
perform one calculation (extremely fast, but for the sake of argument). Then, compare with the time 


needed to do the same calculations by using fast Fourier transformation (FFT). 


6.16. Given a general discrete series x, = x[n], briefly develop the FFT equations and explain the 
main idea behind it. 


6.17. Given a general discrete series x, = x[n] and N = 2, apply FFT algorithm. 
6.18. Given a general discrete series x, = x[n] and N = 4, apply FFT algorithm. 


6.19. By using FFT graph algorithm in P.6.18, calculate Fourier transformation of x[n] = {1, 2, 3, 4} 
(it is already solved using DFT in P.6.1). 


6.20. Further to discussion in P.6.16, deduce FFT graph diagram if number of transformation points 
isN = 8. 


6.21. By using FFT graph algorithm in P.6.20, calculate F (x,) if x, = [1, 1, -1, -1, 1, 1, -1, -1]. 
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6.1 Simple Seqences 


6.1. Given x[n] = {1, 2, 3,4}, DT FT in N = 4 points is derived by definition 


3 3 1 
k=0: X[0] =) x{n] exp (-i7 “n) - yo xine 
n=0 n=0 
= x[0] + x[1] + x[2] + x[3] =1+24+3+4+4 
: J2n1 : 
k=1: X{l1= )oxtn] exp (-i =") = )~x{n] exp (-i5”) 
n=0 =0 


(-j)" 
{if needed, review calculations of complex number powers | 
= x[0] (—f)° + x01] -s)' + x12) (4? + 2B i? 
= 10)+2(-/) + 3(-) +447) = 1-27 -34+4j 


==—247) 
3 9 

=o 2. ROIS exp (= AL => x[n] exp (—jrn) 
= x[0] (—1)? + x[1] (-1)! + x[2] (-1)? + x13] (-D? 
S142) 430) 24S i334 
a 

p=3 xpl=3o [n] ex ( 3) = stm ex ( = 1) 

= “= * z4 i, : 7 


= x[0] (/)° + x[1] G)! + x12] ()* + x13] Gi? 
=10)+2(G)+3(-D) +4(-j) =14+2j7 -3-4) 
= —2-—2j =x[l]}* 


Recall that as © = —z = 7 and 0 = — (37/4) = (57/4), then the complete solution may be written 
as, 


6.1 Simple Seqences 


151 


Fig. 6.4 Example P.6.1 


on 
=e 


ee | 
F 
N= 


Xfi] = (10, -2 4.27, —2, 2 = 9} 
IX[k]| = {10, 2/2, 2, 22} 


@[k] = {0 a =I 


>, 
ae 


where | X[k]| and phase ©[k] diagrams are in Fig. 6.4 


6.2. Given x[n] = {2,3, —1, 1}, DT FT in N = 4 points is derived by definition 


= 21k a lnk 
x= Sn (8) = Seam a2) 


n=0 


> 
ll 
oO 
fe) 
e 

so) 

SN 
= 


3 3 3 
: X[0] = 0 xtn] (- oS ) = So xlnlexpeor"= xin] 
n=0 


n=0 


~~ 
ll 
My 
>< 
= 
ll 
te 
tay 
= 
oO 
Pal 
no} 
| 
nN 
n|3 
ss 
3 
oe 


> Om 43 la 1 20 44 30 
= 2exp | —j— exp | —j— ] — lexp[{ —j— xp | —j —— 
p IZ p IZ p IZ exp IZ 


=2+3(-j)-1C--D+1G) 


> 
II 
~) 
kas 
iS 
II 
We 
os 
= 
fo) 
x 
uo) 
| 
mn. 
ie 
= 
SVS 


= 2exp(—j(O)) + 3 exp (—j(1m)) — lexp (—j(27)) + lexp(—j G)) 
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om | 


Fig. 6.5 Example P.6.2 


onNA A 
=o 
=~ 


=2+3(-1)-10)+1(-)) 


3 
k=3: X[3]=)  x{[n] exp (=i) 


3 3 3 3 
= 2exp (-1750) + 3exp (-i1) — lexp (-172) + 1exp (-i753) 
=2+3() -1(-1) + 1(-J) 
=342j 


Recall that as 7 = 180°, then the complete solution may be written as, 
X[k] = {5,3 — 27, -—3,3+2j} 
IX[k]| = {s, 13,3, v13| 
©[k] = {0, —33.7°, w, 33.7°} 
where | X[k]| and phase ©[k] diagrams are in Fig. 6.5 


6.3. Given Delta function x[n] = 6[n] in N = 16 points, that is to say x[0] = 1 otherwise x[n] = 
0,n 4 0, or 


x[n] = {1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0} 


by definition it follows that, 


N-1 k 15 y 
X[k] = x[n] exp (-i7*s) = x[n] exp (-1 n) 
>. wna d 16: 


Calculations for each k are as follows. 
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15 15 
k=0 + X10] =) xt exp (—/7 2m) =) vtmexp or 
n=0 n=0 
= x[0] + x[1] + x[2]+---+2[15] =14+04+0+---+0 
24 
15 | 15 - 
k=1: X(1= > oxtn] exp (-7") = )~x[n] exp (—i5n) 


n=0 


IU 
= x0] exp(—j20) +0+0+--+0 


> 

ll 

N 

fa 

SS 

ll 

= 

=, 

o) 

34 

ae} 

| 

I 
06 4 
wo 

= 
VY 

ll 
Ma 

= 

= 

io) 

ES 

uo) 

| 

cane 

= 
ae, 


II 
& 
i=} 
@ 
iS 
mo) 
| 
mS 
oO 
VS 
+ 
oO 
a 
(=) 
+ 
+ 
oO 


etc. 


In conclusion, given x[k] = 6[k], then X[k] = 1, Vk, which is a constant function that is well known 
to be dual function to Dirac impulse. 


6.4. Method 1: DT FT of delayed impulse x[n] = 5[n —no] = {---00---1---00---}in N points, 
where n = ng is indice of the only non-zero sample may be derived by definition as 


a ee (i a) = DF din —nol exp (-i5*n) 


n=—CO n=—CO 


20k 
=---+0+0+4 d[10 — no] exp (—/FPno) 40-404 - 


~ —_——_—$—$—$—$—————————————— 


———$<___- 


n=nNo 
20k 
1 exp| —j Wl 


Therefore, |X[k]| = 1, Vk and its argument is (27k no/N), which illustrates the property of delayed 
functions in general where the delay transforms into the equivalent argument (i.e. angle or phase). 


Method 2: knowing time domain delay property of FT and that 6[n] = 1, then it follows directly 
that 
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6.5. Given constant function x[n] = 1 in N = 16 points may be transformed by definition as 


N-1 a 
XUK1 = Yo stn] exp (— itn) = Yt e(- jen) 


As both n, k € (0, 15) interval, thus for each case k it follows that, 


> 

ll 

_ 

PS 

= 

ll 
Ma 

oO 

4 

no) 

| 

a 
00 4 
= 

= 
aa 

ll 
Ma 

oO 
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no) 
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— 

| 

= 
iene 


The question is: how to add these sixteen exponential terms? Recall that modules of all complex 
exponential terms equal one (the unit circle radius). See Vol. I to recall the exponential form of 
complex numbers. Finally, sampled complex terms are symmetrically and periodically distributed 
over one period, T = 271 i.e. one circle circumference. Given N = 16 points, each term in the sum 
is a complex number that is shifted along the circle at the multiples of 27/N = 27/16 = 7/8, see 
Fig. 6.6. Therefore, the summation may be done by considering symmetrical pairs of numbers. 

For example, see Fig. 6.6, x[6] and x[14] are at the opposite sides and by consequence their real 
parts +Re have opposite signs, as well as their imaginary parts +Im, therefore their sum equals zero 
as 


x[14] + x[6] = RGx[6]) + JS@l4) — Kal6)) — 3(x[6]) = 


Or, more formally, this conclusion may be confirmed as 


x[6] + x[14] = exp ‘er 6) + exp (-i5 14) 


= exp (-4= 3) + exp (-#4e 7) 


Similarly, it may be shown that all the remaining sums of the opposite complex pairs also equal zero, 
ie. 
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Fig. 6.6 Example P.6.5 


x[0] + x[8] = 0 x[4] + x[12] = 

x[1] + x[9] =0 x[5] + x[13] = 
x[2] + x[10] = 0 x[6] + x[14] = 
x[3] + x[11] =0 x[7] + x[15] = 0 


In conclusion, X[1] = 0 
k=2, 3,0. 15 4% 


After following the same reasoning, it may be shown that for all the remaining values of k = 2, 3, ...15 
it is true that X[k], therefore 


X[0] = 16 
X{1] = exp (—j50) + exp(—j2 1) +--+ exp(—J5 15) = 
X[2] = XB] =--- = X[15] =0 


In summary, given N = 16 
F (x[n] = 1) = 166[n] 
and X[k] being real function, the argument 6[k] = 0. 


6.6. Given infinitely long exponential series x[n] = a” u[n — 1], where |a| < 1, its DT FT may be 
derived by definition as 


(oe) 


Ale == »% x[n] exp (-i5*n) = S a” u[n — 1] exp (-i7*») 


n=—OoO n=—COoO 


{delayed step function u[n — 1] =0, Va <1. u[n—1]=1, Vn> 1} 
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6.2 
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3 (1) 2k 3 2ak\)" 
= a exp | —j—n] = a exp { —j — 
n=1 : : N n=1 . : N 


{x# y* =(xy)*; aswellas x” = (x*)’ } 


N+1 m 


N 
k a Se 
yo at = ——_., ((a| < 1) 
; a4 | 


Fourier Series 


6.7. Given a CT sine function x(t) = sin(1 Hz), before performing DT FT it is necessary to convert 
x(t) — x[n], which is done in the following steps. 


1. Sampling frequency normalization : good practical choice for N is to use the powers of two, here 


N = 23 = 8 points. Given the sampling frequency f,; = 8Hz and the sine function’s period 


T (1 Hz) = 1s, it follows that 


1 
f=1Hz => se eas 


f,=8Hz>N=8 


20 qu 
s= — = 
8 4 


that is to say, each sample is found at the multiples of 7/4, see Fig. 6.7. Note that first sample 
x[0] = 0, as is the first sample of the next period. 
2. Calculations of each sample : N = 8 samples are evenly distributed over one period, i.e. full circle, 


therefore separated by 7/4 angle. Each sample is then calculated as, 
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Fig.6.7 Example P.6.7 0 1 2n 


x{0] = (1)sin(0 2) = 0 x{4] = (sin(4 7) = 0 
x{1] = (1) sin(1 7) = 2 x{5] = (1) sin(5 7) = me 
x[2] = ()sin(2 4) =1 x{6] = (0) sin(6 7) = 1 
x[3] = (1) sin(3 *) — af x[7] = (1) sin(7 ) = Be 


Therefore, 


Note that simple sum of samples is 


7 
aide one ee a0 


n=1 


3. x(t) =x [k] : given N = 8 by definition it follows that 


= (0) exp(0) + se exp (-i5 1) + (1) exp (-i5 2) 
+ Y exp (-i%3) + (exp (—j7 4) = w exp (125) 
IT 
4 


— (exp (—j 76) =  exp(-i 7) 
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{cos(—x) = cos(x) sin(—x) = — sin(x) } 
=0+ v2 [cos (=) -j sin (= )| + (1) cos (=) - jsin (=) | Ad as 
2 4 4 4 4 
= 0+ O35 — j0.5) + (—j) + (05 — j0.5) 


+0+ 5 — j0.5) + (—j) + (-05-— j0.5) 
= —4j 


k=2 : X[2)= 5 xt exp (-174n) 
n=0 ~ 
= (exp + 2 = exp (J) + (exp (-J5 2) 
+P ao(-i83)+0e0(-4) 2 ao(-i559 
- (exo (-15 9) ~ ex (-157) 
re) J/2 eva V2 


=e, oes | “ 
Page EE Ta aa 2 


=0 


Similarly, X[2] = X[3] = X[4] = X[5] = X[6] = 0. However, 


k=7: X[7]= So xin] exp (-i7 2) 


J2 1 In 
= (0) exp(O) + > exp (iF 1) + (1) exp (- I> 2) 


V2 Wn Tn ne) 10 
+ ew (-123) + exp (-/24) - “exp (-1-75) 


- «exp (-i% 6) - Pex (- iZ1) 


cos(—x) = cos(x) sin(—x) = — sin(x) } 


Sos ix 0 
{use unit circle to convert angles, for example — a a ete. 


= 04 [oos(Z) + isin (F)] +00 [000(5) + isin (5)] + 
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= 0+ O5+ j0.5) + (+j) + (05+ j0.5) 
+0+ (5+ j0.5) + (+j) + (05+ j0.5) 
=4j 


In summary, given N = 8, f; = 8Hz, and x(t) = sin(1 Hz), DT FT is 


X[k] = (0, —47, 0, 0, 0, 0, 0, 471 
|X[k]| = {0, 4, 0, 0, 0, 0, 0, 4} 


Note that Fourier transformation result X[k] is “bilateral”, see Fig. 6.8 (top), there are two non— 
zero impulses in | X[k]| sequence. At this stage of calculations, FT result is relative strictly to an 
abstract variable k. 

4. In order to express the amplitude |X[k]| relative to the physical units of frequency, i.e. [Hz], 
resolution of each frequency “bin” is calculated as 


fs  8Hz ; 

— = — =1Hz/bin 

N 8 
In this case, because N and sampling frequency f, are numerically equal it happens that k 
maps directly into Hz. That is to say, by selecting different either N or f, the resolution of 
Fourier transformation may be set arbitrarily. In addition, impulses found above half of sampling 
frequency, known as Nyquist frequency, are folded over to create “unilateral” view of Fourier 
transformation in 0 to f,/2 range (as commonly shown by spectrum analyzers or simulated 
graphs), see Fig. 6.8 (bottom). 
Consequently, in unilateral view amplitudes at each frequency are calculated as the sum of samples 
already in place and the ones “folded over’. 
For example amplitude of sample at x (1 Hz) is increased by amplitude of x (7 Hz) that after folding 
over falls on top, thus | [1 Hz]| = 4+ 4 = 8. This amplitude is the consequence of N = 8, thus 
in order to show correct amplitude, i.e |x(t)| = 1 the unilateral graph must be renormalized by 
dividing the amplitudes by N, see Fig. 6.9. 


Fig. 6.8 Example P.6.7 


4| |X1K]| 
0 k 
4) |X TK] 
folding 
[Hz] 
0 t 
| ff 
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Fig. 6.9 Example P.6.7 CO8F ita 


6.8. Given a linear function f(t) = 1—‘/z its Fourier series within the periodic interval x € [—z, 7] 
is calculated by definition as, 


CO CO 
f= > oe oe Ps sin (nt) 


where, 


1 Tu 
a=—| fit)adt 
TU J—nx 


a= = : f(t) cos(nt) dt 
TU 


nr 


by = as ‘ f(t) sin(nt) dt 
1 


Tt 


Therefore, given period T = 27, 


g 
oO 
| 
Ale 
Cc 
q q 
——— 
— 
| 
alo 
eee 
QQ 
~ 
ll 
JR 
| 
_ 


ll 
tO 


1 f[” t 
An = -| (1 - ~) cos (nt) dt = {see Vol. II } 
_ ua 


1 ft 1 fet ° 
--| cos (nf) dt = —; x t) dt 
HT Jin a ie 


: = [singer sins” | 


1 
= — sin(nt) 
nr 


Tt 


=0 


1 t 1 a 0 1 rs 
/ (1-+) sin(nt) dt = — [_seena -< | t sin(nt) dt = {see Vol. II } 
—1 as 8 — Iv —i 
—_—_—_—_—_—_—_—_—_$| 


cos(nz )—cos(nz )=0 


1 1 i 1 
= —-—~-—]| —fcos(nt)+  sin(nt) = —~]| mcos(nz) + 7 cos(nz) 
qn ——— |_, nx 
sin(nz )=0 
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Fig. 6.10 Example P.6.8 


1 
——m,2 cos(n) 
nw a? al 


n 2 
al) Me 
nim 


Therefore, 


f@H=1+ yen sin(nt) = 1 — z sin(t) + = sin(2t) — = sin(3t) +--- 
nit 4 20 37 


n=1 


This series is superimposed to f(t), see Fig.6.10, which illustrates the series approximation. To 
achieve “perfect” approximation, there should be infinite number of terms. The largest discrepancy 
between the continuous function f(t) and its approximation is at the ends of given interval. Over 
wider interval Fourier series is a periodic function. 


6.9. Note that this square pulse waveform is even as f(—t) = f(f) (i.e. symmetric around t = 0). 
Exponential form of Fourier series, by definition, is 


[o,@) 
20 
t)= es j t); here, = — d 
x(t) >. Cn exp (Jj n@ot) where, 9 T an 
k=—0o 
to+T 
CG, = ;/ x(t) exp(—jn@ot) dt 
T Jig 
Case n = 0: note that x(t) = 1, ¢ € [—a, al], thus 
1 to+T 
Co = zi x(t) exp (= expl=}0Gor) explop O06 at = zf (1) dt = 
T Ji 
Casen>1: 
2 to+T 2 a 
C, = = / x(t) exp(—jn@ot) dt = = (1) exp (—j nwot) dt 
i to T —a 


2 1 
= | exp(- j n@oa) — exp (j novo 
—jnoo ve 
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2F 1 exp(jnaoa) — exp (—j nwa) 


nn ¥ Qj 


Then, given specific high/low ratio, 
a=T/4: therefore, 


a 


=F FAD 2 
(= ) 2, (= 7) sin (nz /2) 
a|— 7 4) = sin = 


an YF #2 nm /2 


2a = 
> 
2. 3 : 

sl = sinc (nz /2) 
ni 


nit 


|C, | = |sine (nz /2) | 
A few calculated samples in the series are, see Fig. 6.11 


. 2 
Cy, =4%nsin(7/2) = - 


i Cy = 2/2n sin 24/2) = 0 
sin (n— : 2 
( a _ | C3) = %/3r sin G7/2) = =a 
2/4n sin (47/2) = O 


2 
2/5 sin (57/2) = - 
ua 


QO 
a & 
Isl 


That is to say, function x(t) can be synthesized as the sum of infinite sine series, where all even 
terms equal zero. Being a complex number C,, = a, + jbn, recall that |C,,| = Jaz + b?2, thus 


[o.e) o.e) 
x(t)= D> Cy exp (jnaot) = ay + Y° ay cos(neo t) + by sin(nwo t) 


k=—00 n=1 


{ for even functions b, =0 .. |an| = |Cy| | 


2 
= pe sin (=) cos(n wot) = {oo= =, a= a 


1 2 20 1 20 1 20 
= -+-—|cos{ —t]-—-—cos{3 x —t})+-—cos{5x —tr]--:- 
2 #4 T 3 T 5 T 


As a comparison, this series is overlaid on x(t), see Fig. 6.12 where only the first four terms are used, 
and spectrum is illustrated in Fig. 6.11. Note that all even terms equal zero. 


6.10. Note that this square pulse waveform is even as f(—t) = f(t) (i.e. symmetric around t = 0). 
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Fig. 6.11 Example P.6.9 Cin] 


NI 


Fig. 6.12 Example P.6.9 


See A.6.9, where after setting a = T/8 it follows that 


C _ 2a LF i 
°F rEg a 
_ 2 (ann 22, Inn YF _ lsn@7/4) 1, 
Gy = sin (7a) = sin (A) = | ae ag ine eel) 


1 
IC,| = 5 [sinc (nz/4) | 


A few calculated samples in the series are, see Fig. 6.13 


Cy =%rsin(*/4) = v2 
7 
Co = 2/2ansin 27/4) = — 
ut a 
sin (n— 5 
; a) —3C3) =2/3rsin 37/4) = ae 
A2 C4 = 2/4x sin (47/4) = 0 
Cs = 2/sx sin 07/4) = v2 
5x 


That is to say, function x(t) can be synthesized as the sum of infinite sine series. Being a complex 


number C, = day + jbn, recall that |C,| = ./a2 + b2, thus 


(oe) (oe) 


x(t)= S\ Cy exp (jnaot) = ay + Y- ay cos(neo t) + by sin(nwo t) 


k=—00 n=1 


{ for even functions b, =0 .. |a,| = |Ch| | 
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Fig. 6.13 Example P.6.10 
IC[n]| 


Co fe 


| 
esa 
4 


i=) 


Fig. 6.14 Example P.6.10 


As a comparison, this series is overlaid on x(t), see Fig. 6.14 where only the first four terms are used, 
and spectrum is illustrated in Fig. 6.13. 


6.11. Method 1: Given delayed (odd) pulse waveform, in (0, T) period, coefficients of Fourier series 
may be calculated in sine/cosine form as 


=7[° ieee one? 
w=Fr ff mad =F 


2a 


=i f (t) ae (1) miss in(nt) | 
n= F J, f(t) cos(n =F |, cos(n a sin(n 


0 
= + (sin2an) — sin(0)) = = sinQan) 
~ oT sin(za n sin ~ oT sin{(zan 


2a 


==) piano a= 2 hap ors ale 
=F f(t) sin(nt) =F |, (1) sin(nt) = TF cos(nt) 


0 


an 2. 0)) = 2 1 2 
= a (cos( an) — cos( )) = a — cos( an)) 


Then, given specific high/low ratio and period T = 27, 
a=T/4: therefore, 
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rT Eh 
ay = sinan) = sin (2 n)= : sin(Zn) = 2 sin(7n) = 2 sin @rty 


nT 


0 


by = - (1 — cos(2an)) = = (1 — cos Gea n)) = _ (1 — cos (nzr)) 


A few calculated samples in the series are, 


2 
b) =x (1—cos(m)) = — 
4 
by = 1/20 (1 — cos (27) =0 
2 
1 b3 = lhr(1l—- 3 = — 
po age ee) ae 
et by = 1/4n (1 — cos (47)) = 0 
2 
bs = '/sx (1 — cos (527) = = 
Therefore, Fourier series of port function a I (¢-7/2)/z) is 
i212 Coe > 2 isan) anus 
fm= 5 cos(n = 7 cos (nz)) sin(n 


n=1 n=1 


1 2 2 2 
= —-+-— sin(t)+0+ — sin(3t) +0+ — sin(5t)+--- 
2 3m 5 


Note that delayed port function is not even and that even coefficients equal zero. The sum of first few 
terms of the Fourier series f(t) is close approximation of an ideal square wave function, see Fig. 6.15. 


Method 2: Relative to square waveform in P.6.9 function f(t) in this example is time delayed, that is 
to say y(t) = f(t — a). Knowing the time delay property of Fourier transform it can be written that 


. 1. Qn 
C, = exp(—jnwoa) — sin | —a 
ni T 


and derive the same Fourier series as per Method 1: but faster. 


6.12. Fourier series of delayed triangular function with period T = 27 may be derived, for example, 
in sine/cosine form by definition. 


fO= s + oan cos (nt) + ~ by sin (nt) 


n=1 n=1 
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Fig. 6.15 Example P.6.11 


where, 
1 u 
aj = -| f(t) dt 
TU Jn 


1 a 
a, = — f(t) cos(nt) dt 
TU Jn 


b, = = f@) sin(nt) dt 
WT Jn 


Method 1: Given triangular function is periodic with period T = 2z. Note equations of linear 
sections within the chosen intervals. Without loosing generality of 7, it may be written that 


1 32/2 1 m/2 2a 1 32/2 2a 
a= =f f(t) dt = / tdt+ i (-=) (t— 2) dt 
wT JH a —n/2 IU 1s x/2 1s 


m/2 


2 x/2 2 3n/2 2 32/2 2, m/2 2 3/2 5) 3/2 
-=/ rar = | tdat+— dt=S P a= : — if 
UW" J—n/2 UW” Jx/2 WU Jn/2 a —nj2 7 x/2 x/2 
2a 1 nf (- Za 1 (9n? x? @ 2a (3x 1 
~ 72 2\/4 4 m2\ 4 4 a\2 2 
a $ 27* 2a 
mg + sx=-d+ 
x A e a 
=0 
As well, given period T = 27, 
1 32/2 1 m/2 2a 1 32/2 2a 
an = - | f(t) cos(nt) dt = - | —t cos(nt) dt + -[ (-=) (t—z) cos (nt) dt 
TU J—x/2 UT J—n/2 © TT Jx/2 8 
2a fr? a f3n/2 2a 37/2 
= Za t cos (nt) ar- = f t cos (nt) a+ f cos (nt) dt 
ue —n/2 ue x/2 HM Jx/2 
— {see Vol. II | 
2a, are 1 ee lat 31/2 31/2 
= —~ tsin(nt) + cos(n t) — —, tsin(nt) _ cos(n fr) 
nm lags hen” Legge nj. Wem? n/2 
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32/2 


2a, 
+ — sin(nt) 
ni x/2 


— s Si — —— | cos tir— ) — cos — 
nm2 2 2 n?3? 2; 2 
2a 3m 3 ui, ( *) 1 
— —~ {| — sin(n ——sin(n _ cos |a—— } — cos ta— 
nm? \ 2 2 2 2 n?7? 2 2 
2a 14 


_j3x _ 2 = ‘ 
(os =—= cos(—x) = cos(x), sin(—x) = — sin(x) 


3a, TU a. TU 2a 8 2a. IU 
= —— sin (-n ) + sin (n ) + sin (-n ) =_ sin (n ) 
ni 2 nw 2 nw 2 nit 2 


and, 
1 32/2 1 m/2 2a 1 3m /2 2a 
by = ~ | f@ sin(nt) dt= -| —t sin(nt) dt+ - | (-=) (t—z) sin(nt) dt 
HT J—n/2 HT J—n/2 1 Jn /2 sa 
2a pr %a p3n/2 2a p3nl2 
=> t sin(nt) a- = f t sin (nt) a+ f sin(nt) dt 
a —n/2 8 x /2 UT Sx/2 
= {see Vol. tt} 
2a t 1. we OG t i id 
= — [| -—-—cos(nt) + — sin(nt) —— {-—-—cos(nt) + — sin(nt) 
m2 n n? x) m2 n n2 a 
2a 3n/2 
— — cos(nt) 
ni x/2 
3 . : 
= - — a cos(—x) = cos(x), sin(—x) = —sin(x) 
x 2a 2a, x 2a 2a, 
= a cos(nz/2) + Pye) sin(nz /2) — ee cos(nz/2) + er) sin(nz /2) 
3 2. 2, 
eR ik da Oey) me cre ee Za cos(nm/2) + —<—— sin(nz/2) 
Zz ns? 2 nxt nm? 


nit 
— = costann 72) + costa 73) 
= ~ costa ]®) ~ costa) + 


8a, 
a) sin(nz /2) 
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8a, 
— ee) sin(nz /2) 


A few calculated terms in the series are 


: 8a 
by = 84/?n? sin(/2) = — 
W 
by = = 84/7? sin(2m/2) = 0 


8a/23272 of 8a 
b3 = 84/327? sin(37/2) = ~ 3272 
8 by = = 84/47? sin(4ar/2) = 0 
— sin(nz/2)= 4° oe re 8a 
Med bs = 84/52n? sin(5/2) = aa 
be == 84/62? sin(62/2) = 0 
. 8a 
by = 84/6? sin(7/2) = a) 


which can be generalized as, 


0; n even 
8a 
8a ——; n=1,5,9 
5 sin(nz/2) = = nit)2’ ae ee 
n272 ( | 
Gaye’ n=3,7,11,... 
n 


In summary, 


fm= So bn sin (nt) = “ (sin - srsin Bt) + asin (St) --) 


n=1 


A first few terms are superimposed over the ideal delayed triangle function x(t) in Fig. 6.16. 


Method 2: With a bit of practice and experience, one can take advantage of function’s symmetry and 
summation of signed areas by definite integrals (see Calculus). 


(a) By itself, delayed triangular function x(t) is odd, see Fig. 6.17. Therefore, within a symmetric 
interval definite interval of x(t) must equal zero. For example, an easy choice of symmetric 
interval is —7/2, 7/2, so that 


ty 1 2a oy 
a=— f@) dt= tdt= “a, 
a a4 1 


—n/2 a 


; = 5 (@py - x12") =0 


This result is general for odd functions over symmetric interval 
(b) The product of x(t) cos(nt) is also odd, see Fig. 6.17 (top). Definite integral of an odd function 
over symmetric interval must equal zero, which may be shown, for example as 


Lf mie Qa 
an = = f(t) cos(nt) dt = — —t cos(nt) dt 
T Jn mT J-nj2 1 
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Fig. 6.16 Example P.6.12 


= {see Vol. I | 


2a m/2 m/2 

= — tsin(nt) + — cos(nt) 
nq - nn? x)? 

= S Si — ——~; | cos lir— } — cos a 
nx? 2 2 n232 2 2 


=0 


(c) The product of x(t) sin(nt) is always positive, see Fig. 6.17 (bottom). By consequence, definite 
integral may be calculated as two times the integral on half the period. Thus, 


Dy 


1s 


2". ey ania 
TT J—n 


2 7? 2a_ 2°," 2a 
=— —t sin(nt) dt — — —(t—z) sin(nt) dt 
0 ws IU x/2 a 


a4 

A n/2 A ud 4 sd 
= t sin (nt) a-< f t sin(nt) a+ f sin (7 t) dt = {see Vol. II } 
a a x/2 UH Jx/2 


wu uw 


z 4a 
— — cos(nt) 
x na 


4a : 
= (sin(n t) —ntcos(n t)) 
0 


(si ( t) t ( t)) 
- za, (SIntn —nitcostn 
n272 n?72 


x 
2 


= 4 ( (sine /2) ~ n/2cos(n7/2)) ~ (sin€0y — Ocost09)) 

— 25, ((sineeay — n x costeray) — (sin(n#/2) —n7/2cosin/2))) 

— ~ (costrra — cos(n/2)) 

= 4 sintn=/2) + SS sin(n 2/2) — cost fi) +S costa) — cost] 


8a. 
— a) sin(n 7/2) 


Which is the same result as by definition in Method 1: but with a bit less calculations. 
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Fig. 6.17 Example P.6.12 


6.3 Inverse Discrete Time FT 


6.13. Given a simple sequence X[k] = {10, —2 + 2j, —2, —2 — 2j} it follows that N = 4 and 
periodicity T = 4, therefore by definition 


1 
1 2 1 
=; | 100s L = n})+(-—2+ j2) exp (1 ») 


es (Fn) + (—2— j2) exp (iF2n) 


CienaOs wits 10-+(—2 + j2)exp (j> 0) — 2exp (jx 0) + (-2— j2)exp (0) | 
a 4 2 2 
1 | — 
= 7 [10-24 j2-2-2- p]=1 
J 1 i 
; a 
Casen =1: x[1] = rl 10+(-2 + j2)exp(F27)= expt TFC2— 9000421) | 
1 
=] [104 (—2 + j2)(j) — 2(-1I) + (-2 - iny-D| 
1 ie 
= j[to+sae-z4 2424-2] =2 
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Casen=2: 


Case n = 3 n=3: 


x[2] = 


In conclusion, x[n] = 


a | 
=] 1 
Ec 2+ j2exl4Z7Z)— andi it-2— jenn (7) 


=; [0+ 2+ j2)(—1) — 20) + (—2 — j2)(— | 


=; [10+2- — Uf - 2+2494|=3 


ane ae in 


Z 


vale 2+ j2exp(i—3)- - exo (ES) Daxpeir HH 12 joes (25) 


10+ (-24 j2)(-p)) - 20-) + (- 2- 1)| 


i ne ae 


10+ 2 +24+2-W+2|=4 
4 | 


(1, 2,3, 4}. 


6.14. Given a simple sequence X[k] = {5,3— j2, —3, 3+ j2}, it follows that N = 4 and periodicity 
T = 4, therefore by definition 


x[n] 
Casen = 0 
Casen=1 : 


x[1] = 


Qnk ie k 
F-"(X[k] 7a exp (Fn) = 5 Ox exp (i ») 


[ono a 


seeds) 004 tn (2E yi 


; . 30 
lee exp (5 0) —3exp(jz 0)+ 34 j2) exp (1-0) | 


[5+3-Q-2+3+R] 


=j 
| -1 
| $+ - Mem(Et)~3emgr TF G+ Mew 1 


1 
4 
1 

=; [5+0- mW -3- 1) + B+ j2)(— | 
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54+ 3y+24+3-3y4+2 
= | 


es) re 


Casen=2: x[2]= [sea inanletay tasustta+inag(AE | 
=; [5+0-- j-30 G4 Ee | 
=; [s-3+20- 3-3- ui] =-1 
z 


=) —1 
Casen=3: x[3]= [s+ 0-imen(sS3) Sener + men( AE) | 
=; [5+6-c D-3- n+0+i9)| 


=;|s —3f-24+3437- 2] =1 


In conclusion, x[n] = {2, 3, —1, 1}. 


ae ae aye 


6.4 Fast Fourier Transform 


6.15. Discrete Fourier Transformation (DFT) of series x[m] is by definition 
lef 20 k 
F;(x[n]) = n] exp Joe where, k=0,1,2,... 


In order to simplify the long equations writing, often exp() is used to denote the necessary exponential 
term in the above definition. As n,k, N changes, the number of necessary calculations increase as 
follows 

N=1 Yo =x[0] exp( (one calculation) 

N=2 Yo =x[0] expQ + x[1] expQ (two calculations) 


F, = x[0] expQ + x[1] expQ (two calculations) 


(total: four calculations) 


N=3 Yo =x[0] expQ + x[1] expQ + x[2] exp() (three calculations) 
F, = x[0] expQ + x[1] expQ + x[2] exp() (three calculations) 
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F2 = x[0] expQ + x[1] expQ + x[2] expQ (three calculations) 


(total: nine calculations) 


N => (total: N? calculations) 


That is to say, for example, the resolution of 1 Hz within 20kHz bandwidth means that it is 
necessary to do N = 20,000 points in the transformation. Knowing that DFT calculation does N* 
operations, it follows that 


t = N? x Imin = (20 x 10)” min = 400 x 10° min ~ 278 x 10° days 


~ 760 years 


By comparison, FFT algorithm does N log, N calculations, that is to say 


InN 
t = (Nlog, N) x Imin = Ca) x Imin = 286 x 10°? min © 198 days 
n 


The advantage of FFT over DFT increases as N becomes larger. 


6.16. The main idea of FFT is to split the grand sum into two separate sums, in the first iteration to 
one with odd and one with even coefficients. In the subsequent iteration, again every second term is 
grouped as “odd’ and the other half as “even” group, see Fig. 6.18. The process is repeated until each 
group consists of two terms only. This process is highly symmetric, as a consequence the binary form 
of aligned term indexes in the final iteration is binary inverted relative to the binary form of aligned 
term indexes at the beginning. Formally, FFT equations are rearranged as follows, 


Fig. 6.18 Example P.6.16 bit inversion 


000 000 
100 001 
010 010 
110 O11 
001 100 
101 101 
O11 110 
111 111 


174 6 DT Fourier Transformation 


al ea tek De oe ae j2tk m+ 
= X| 2M | eX — |] ——_ — m ex 
. . m=0 J N/ 2 


even index odd index 


[a=e0(-15)} 


Qn k oe Qn k 
= x[2m] exp (-15 m) + Cy > x[2m + 1] exp (-1 WD m) 


m=0 


Where, 


20k 20 k ae 2m k 
exp {| —j —~ m }] = cos | -—~ m]+j/sin| -—~m]; (k=0,1,...,N) 
N/2 N/2 N/2 


However, when k > N/2, that is to say k = N/2+randr=1,2,..., N/2, then 


( Qn (N/2 +r) ) (= Wim —2xrm) 
cos | — ————__ ™ ] = Cos 


N/2 N/2 
2anrm 
= cos { —27 m — 
(28m - 5") 
{m= 0,1, ..,N/2 » —2xm = 0} 


( a) ( an eeren) 
= cos | — = cos {| ————__*— 
N/2 N/2 


{known as “symmetry identity” | 


This identity is valid for sine terms as well, which is to say that 


As a consequence, it is sufficient to cary out only N/2 calculations. However, each of the summing 
groups can be split again and again, thus the total number of calculations is N log, N. 


6.17. Given N = 2 and a general discrete series x, = x[n], Fourier transform ¥;(x[n]) = X, 
equations are written by using following syntax, 


N-1 
x= Dex (- i= nk) = Lae =? N=2} 


n=0 
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1 
n-k 
= ) Xn W> 
n=0 


This syntax simplifies the repetitive writing of complex exponential terms, keep in mind that wy, 


represents the following calculations 


2a 2x NE at nok 
Wy SEXP Tap fee ORD =i =P ae = Wy 


where the power term is calculated as the product nk, for example, if N = 2 it follows that 


0-0 Dn on ‘ 0-0 ) 
W = [exp (-15)| = [exp (—jx)] =(-l) =1 


or, 


tn 1-1 
wy ts exp (-/)| = [exp(-jx)]'' =)! =-1 


i) 
| 


For the moment, let us keep n > O exponential terms in place, and also use the identity Ww, i 


—w9 _ even if their values are as simple as +1 or —1. Reason for this choice becomes evident as 


N=4, N = 8, etc.. In this case, 


k=0: X[0] = xo we +x ios” =x tx) =x+%1 w) 


k=1: X[1] = x9 wo + x w,'! =X) —X) =X — wy 


This calculation process is illustrated by “butterfly diagram”, Fig. 6.19. The solutions X; on the right 
side are formed by the graph inspection. For example, x9 is first multiplied by “1” then added to x; ws 
at the summing node to produce X[0] = x9 +x; ws. Similarly, graph illustrates the formation of X[1] 
equation. This basic butterfly diagram is then reused for any N = 2 FFT. As illustrated by the colour 
scheme, note paths that carry ‘+ 1’ multiplication factor, paths that carry positive exponential factor, 


and paths that carry negative exponential factor. 
6.18. In the case of N = 4, the four X, DFT transformation are reorganized into symmetric form 


that can be directly translated into butterfly diagram as follows. As a reminder, shorthand syntax for 
N = 4is 


Fig. 6.19 Example P.6.17 


- _j2n0 
Xo =X +uze 37 


20-0 
X,=%—-—27,e 37% 
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oO 


0 TT 
w} = exp (—J5) —a | 

1 .w\!} . 
w} = exp(—J5) == 

2 1 \? : 

wi = exp(—J5) = exp (—ja) = — 

3 a3 30 4 . 
Wa = exp (-J a) = exp (-i >) = exp (i a) =a 


so that, 


k=0: Xp = xp w)® +x) wy) O + xo we" O + x3 we? 


= Xo +x) +X. +x3 (“DC component”) 


; 3-1 
k=1: Xp=x wl"! +x) wy 14x wa" 14 x3 wi} 


3 
= x9 + x1 wy +x wy +3303 = [= -%| 


1 1 
= Xo +X] Wy — X2 — X3 Wy 


3+2 
k=2 X, =x w?"? +x, wy 2 4 x9 wi 24+ x3 03 
6 
= xo + x1 we + x2 wt + x3 w8 
= X09 — Xi + X2 — x3 
_ = 33 
k=3 X3 =x wy 4 wh 94 xy wi F443 Ww} 
3 6 9 On 3H 
= Xo +X] We + X2 Wy t+ X3 Wy = oer i 


1 1 
= Xo +X] Wy — X2 — X3 Wy 
This set of equation may be written in a more symmetric form as, 


Xo = (xo + x2) + wh (x1 +: x3) 
X1 = (%9 — x2) + war — x3) 
X_ = (Xo + Xo) + wher + x3) 


X3 = (x9 — x2) + wer — x3) 


which can be further structured to explicitly include the form of two-bit butterfly (i.e. N = 2) as 


Xo = (xo + w xo) + w9 (x1 + ws x3) 
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bit inversion bit inversion 


Xo (00) [00] Xo = [10] (00) 


X, [04] 10} 22 


X,=([-2-2j] [01] 


X2 [10] fol] m= X2 = [-2] {1 0) 


X; [11] 1qj X3 =([-2+2j] [11] 


Fig. 6.20 Examples P.6.18, P.6.19 


X1 = (xo — w}x2) + wy — wl x3) 
Xo = (xo + we x2) — wP Or + we x3) 


0 1 0 
X3 = (Xp — Wy X2) — Wy (X1 — Wz x3) 


Direct graph implementation of these equations is illustrated in Fig. 6.20 (left), where starting from 
the left side of the graph and following x, terms along the associated paths (the addition operations 
are done at the merging nodes) the four X, equations are composed simply by inspection. Note the 
index order of x,, and X; indexes in this graph structure. 


6.19. In order to use FFT graph diagram, in the first step x, terms are reorganized on the left side by 
using the index bit inversion relative to X;, see Fig. 6.20 (right). The intermediate sums are calculated 
using the two-bit grouping on the left side, then the second group of addition/multiplication operations 


is done by following paths in the right side of the graph. 


6.20. In the case of N = 8, shorthand syntax is 


20 ws w\nk n+k 
ws = exp | —j—- = exp (—j7) ae exp (—j7) = wy 


Oo 


Ss 
oo 
ll 
oO 
Pal 
no) 
| 
mn. 


| 
— 


NO 
ks 


| 
— 


Les) 
Il 
fo) 
Pl 
no} 
| 
nN 
| WwW 
q 
nn 
lI 
ul 
* 
= 
+ 
Kas 
— 


aN 


=exp(—jz)=—-l= —we 


= 
oo 
ll 
oO 
Pal 
mo} 
i on oh nN oN 
Cae 
So Se So, SZ 
Ne) 
ll 
oO 
bal 
ao) 
| 
mS 
N/a 
ee 
ll 
| 
a 


AJAX ALN ASN ALN ALA 


| 
aa, 
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Fig. 6.21 Example P.6.20 


In reference to Fig. 6.18, FFT graph flow is derived for N = 8 as in Fig. 6.21, where horizontal red 
lines imply multiplication by ‘—1’, dark lines imply multiplication by ‘1’, and other multiplication 
factors are written explicitly. 


6.21. Given sequence x, = [1, 1, -—1 — 1,1, 1, —1 — 1], by inspection of graph in Fig. 6.21, where 
horizontal red lines imply multiplication by ‘—1’ it follows that, 


Xpo=Xnptxzgt¢xrt+xXe tx, tx5t+43 +47 =14+1-1-14+14+1-1-1 
=0 


X1 = X9 — Xa + (x2 — x6)(—J) + (« — x5 + (43 — »N(-D) we 
=1-1-141+(0-14+(-141)(-f))u3 
=0 

Xo = Xo +X4 + (X2 + X6)(—1) + (s +.x5 4+ (13+ »N(-D) (-j) 


Shige ees i417) 
=4-4j 


X3 = x0 — X4 + (x2 — X6)(— wg) + x1 — 5 + (x3 — X7)(— WE) 
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=1-1+(-14+ D(-wg) +1-14+ (-1+ D(-v9) 
=0 

Xq = Xo +X +X. + X6 + (xy + x5 + x3 + x7)(-1) 
=1+4+1-1-1-1-14+1+1 
=0 


X5 = x9 — x4 + (%2 — x6)(—j) + (s — x5 + (43 — »\(-D) (—wy) 
ata C1t ey + (1141+ Ep) cup 
=0 

Xo = Xo +X4 + (X2 + X%6)(—1) + (s + x5 + (x3 + s\(-D) (j) 


=14+14+14+14+(0414+14+)() 
=4+44j 


X7 = Xo + X4 + (X2 — X6)C) + (s — x5 + (3 - =) (—w) 
=14+14+(-14+)(Q)+ (1 —14+(-1+ bu) (—wy) 
=0 


The total number of sum/product calculations is 8 log, 8 = 24 in comparison with DFT where the 
total number of calculations equals 8” = 64. 


® 


Check for 
updates 


Laplace Transformation 


Laplace transformation (LT) is a tool to convert time domain function f(t) into its s-domain 
equivalent F'(s). Virtually, all books on Laplace transformation first present table with f(t) > F(s) 
LT pairs of basic functions. However, it is very important that, instead of memorizing these tabulated 
pairs, these f(t) — F(s) pairs are derived from definition. After some practice and experience, the 
lookup tables are used to speed up the calculations. 

Laplace and inverse Laplace integrals: given complex variable s = 0 + jw, (o,@ € R), then 
unilateral LT and inverse LT integrals are 


+00 

F@)=27{f®} = : f(the" dt (7.1) 
1 cHjt 

f(t) = 27 '{F(s)} = —— lim F(s)e" ds (7.2) 
J 2m t>00 c—jt 


where c € R and “contour integral” (7.2) is solved with the help of the residue theorem. Note that 
solution to inverse LT my not be unique. Traditionally, the inverse LT integral is not solved at the 
introductory level courses; instead, “the table of simple inverse transforms” and LT properties are 
used. 

Properties of Laplace Transformation 


1. Linearity: given three functions f(t), x(t), and y(t) and constants a, b, then 
f(t) =ax(t)+byt) => L{fO}=aZ {xO} +b2Z {yO} 
2. Time shifting: given x(t) = Xx (s), a constant a > 0, and step function u(t), then 
SL {x(t —a)u(t —a)} =e “X(s) 
3. Frequency shifting: given x(t) a (s) and a constant a > 0, then 
L {e“x(t)} = X(s — a) 
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4. Time scaling: given x(t) =e (s) and a constant a > 0, then 
1 KY 
L {x(at)} = —X (-) 
a a 


5. Derivative property: given n times differentiable x(t) Es ty (s), then 


L {x} = s"X(s)— Sx 10) 


k=1 
6. Multiplication by t": given x(t) = X(s) and a positive integer n > 0, then 
Alfa =]Ey xr 
7. Convolution property: given functions x(t) ee (s) and y(t) SY (s), then 


L {x(t) * y()} = X(s) Y(s) 


Problems 


7.1 Basic Laplace Transformations 


Given functions in P.7.1 to P.7.15, derive their respective LT by using definition integral (7.1). Assume 
a>0O, aéeR. 


71. f®=1 7.2. f(t) =u(t) 7.3. f(t) =u(t—a) 

7.4. f(t) = 6(t) 7.5. f(t) =6(t —a) 7.6. f(t) =tu(t) 

7.7. fit)=tu(t) 7.8. f(t) =r u(t) 7.9. f(t) =e" u(t) 

7.10. f@) =e“ u(t) 7.11. f@ =(e% +e) ut) 7.12. fQ=u@ — ut -a) 


7.13. f(t) =sin(at)u(t) 7.14. f(t) = cos(at) u(t) 7.15. Vie {R}: f() = fit +T) 


7.2. _ Basic Properties 


It is educative, instead of memorizing the properties table, to prove LT properties starting from the 
definition integral. After some practice, these properties may be applied directly and speed up the 
calculations. 

Given functions in P.7.16 to P.7.30, where applicable, derive properties of Laplace transformation 
assuming t > O anda > 0. 
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7.16. g(t) = f'() 7.17. g(t) = f"'@ 7.18. g(t) = ’'@ 


7.19. f(t) = sin(2t) 7.20. f(t) = cos(2r) 7.21. f(t) =tsin(2r) 
7.22. f(t) =? cost 7.23. g(t) =e" f(t) 7.24. g(t) = f(at) 
_ ft) ' PS 
7.25. g(t) = = 7.26. an= f f(@@dz 7.27. fo= | (p° + p—e?)dp 
0 0 
7.28. f(t) = ee 7.29. f= 0-2) ult-2) 730. pay = aa 
t 


7.3 Inverse Laplace Transformation 


Given in P.7.31 to P.7.42, derive their respective inverse LT by taking advantage of already derived 
transformation pairs in the previous examples of this chapter. 


7.31. } 7.32, 1, 7.33. 1 
Ss Ss 
7.34. * 7.35. 1 7.36. 2 
sg? ss 
s 1 As 
7.37. =— 38. —(1—e7% 
249 7.38 : (1 e ) 7.39. Gab? 
1 2s Ss 
7.40. arctan (<) 7.41. pog 7.42. g2 +45 +5 


7.4 Differential Equations 


Differential equations include the solution function as well as its derivatives. Very efficient method 
for solving some classes of differential equations is to apply “derivative property” of LT and convert 
these equations into ordinary algebraic polynomials. Even without formal (inductive) proof, it should 
not be difficult to adopt this property and use it within specific problems. 


Reminder:: “derivative property” of LT is 


Aio= lf Ol =n" Fie Oj—os fO)— = 7" (CO) 


where s” is nth power of the polynomial variable s, f(t) stands for nth derivative of f(t), 
and f (0) stands for the initial condition of f(t) at t = 0, 1.e., before the input signal is injected. 
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By applying LT derivative property, solve differential equations given in P.7.43 to P.7.51. As already 
known, ordinary integrals deliver general solution, i.e., there is an infinity of solution functions 
separated by a constant. Given sufficient number (equal to the order of differential equation) of the 
initial conditions, general solution is resolved into specific solution. 


7.43. y'+1=0, y)=0 7.44. —2y'+y=0, yO)=1 

7.45. y’—1=0, y(0)=0, y@) =0 746. y"—y'+1=0, YO=1,yO=1 

TAT. y" +2y'4+2y =0, y'(0)=1,y0)=-17.48. 9" +y=sin@d, y'O) =0,70)=0 
7.49. y’+y=2e', YO=1, y0)=1 7.50. y” — y’ =cos(t), y(0)=0, y'(0) =0 


7.51. y"—y"=0, y) =—3, y'(0) = 1, y"0) =4 


7.1 Basic Laplace Transformations 185 


Answers 


Tutorial-type solutions to given examples are aligned so that subsequent forms are, as much as 
possible, logical development from the preceding ones. Thus, it is highly recommended, before 
looking into the proposed solutions, to make every effort and to explore own ideas. What is more, as 
they are backward referenced in the subsequent examples, it is assumed that the previously introduced 
ideas are already adopted. After reading the solutions, it is important to independently try again and 
even to explore other possible methods. Finally, as each problem could be solved with several different 
techniques, the methods presented in each of the problems are by no means the only ones possible. 


7.1 Basic Laplace Transformations 
7.1. Given time domain function 
f@=1 


by definition, Laplace transformation F(s) = @ {f (t)} is 


+00 +00 
F(s)= FOE d= / le" dt = {change variable } 
0 0 


dz 1 
Z=-st ». —=-s .. dt = —-dz 
Ss 


1 li. 2 ges is 
=—- i edz =—— e* {back to the original variable ‘s’and its limits } 
s s 


+00 


——_ et 
S 


-l pe  )! 


0 


Note that, given tf > 0, a constant “1” is indistinguishable from step function u(r). 
7.2. Given time domain function of unit step 
f(@) = u(t) 


by definition, Laplace transformation F(s) = @ {f (t)} is 


+00 +00 “£00 
F(s)= i ftje“dt= i u(the “dt = {u(t) =1 for ¢> 0} a / le" dt 
0 0 


0 


1 
— {see Balt = 7 


which is expected, considering that for x > 0 function u(t) = 1. 
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7.3. Given time domain function of delayed unit step 
f(t) = u(t — a) 


by definition, Laplace transformation F(s) = @ Fa (t)} is 


+00 +o0 
Fe)= [ sinetar= f u(t —a)e “dt = {u(@t-—a) =1 for t>a} 
0 0 


a 0 +00 1 
=| Qe dt +f lett dr=—— f az 
4 S 


; dz 1 
change variable: z= —st .. PP —s .. dt=—-dz 
— s 
1 ne 0 1 
es est = --(" = e“) = = es 
s s 


Compare this result with P.7.2 and note that time—delaying a function by a translates into multiplying 
its Laplace transformation with the exponential term exp(—as). In general, this case is known as 
“time shifting” property of Laplace transformation. 


Reminder: Given that # {f(t)} = F(s), time shifting property of Laplace transformation is 
generalized as 


L{f(t—a)}=e “F(s) 


7.4. Given time domain Dirac delta function 
f@) = 6) 
by definition, Laplace transformation F(s) = 2 {f (t)} is 
+00 +00 ! +00 ; 
roy = | fine dr= | d(the dt = {t=0} =¢ | t) dt 
= 1 

because, at t = 0 Dirac delta function is included within the (0, +00) interval. 
7.5. Given time—delayed Dirac delta function 

f@) = 6 —a) 


by definition, Laplace transformation F(s) = 2 { f (t)} is 
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+00 +00 +00 
F(s)= f@e" dt= / &f-ale™ di = [r=a,a>0} = ew | se—aar 
0 0 


—as 
=e 


1 


compare with the result in P.7.4 (as expected and already noted in P.7.3). 
7.6. Given time domain ramp function 
f(t) =tu(t) 


Method 1: by definition, Laplace transformation F(s) = 2 { f (t)} is 


+00 +00 FOO 
F(s) = fe" dt= / tune “d= {fe h=1 tr t= 0}= il te “dt 
0 0 0 


dz 1 1 
zg=-st ». —=-s ., dt=—-dz, and t=-—-z 
Ss Ss 


1 
=3 / zedz= {integration by parts: u =z, dv=edz ». du=dz, v= e* } 
s 


5(z e& - [ &az) = 3 & —e*) = 5(e(e- 1)) 


{return to the original variable } 


= Elen (-s _ 1)) i 


: 0 


= 5(0-2(-s = 1)) = 5 


Method 2: Compare with the result in P.7.2 and note the consequence of multiplying u(t) by ¢. In 
general, this case is known as “multiplying with power of t” property of Laplace transformation. 


Reminder: Given that “ {f(t)} = F(s), multiplying with power of ¢ property of Laplace 
transformation is generalized as 


qd” 
LAP FO} = (OW FG FO) = (VFM) 
where, F)(s) stands for nth derivative of F(s). 


In this example, power of ¢! isn = 1, so multiplying with power of t property is applied directly 
as 


BND Soe: and (—1)'=-1 


FIN) = ds s? 


f@ =u) .. F(s)= 


188 7 Laplace Transformation 


2a) =p! SO = 1 (-3)- 2 


7.7. Given u(t) multiplied by 17, as 


f= u(t) 


Method 1: by definition, Laplace transformation F(s) = # { f (t)} is 


+00 +00 +00 
ro)= [ foe ar= f Pu(the “dt = {u(t)=1 for 120}= | fe" di 
0 0 0 
d 1 
={2=-0 Be Saas .. dt =-—-—dz, and Pate} 
S 


= =-5 fee dz= {integration by parts: u = 2’, du=e*dz ». du=2zdz, v= e } 


1 : : 
=-5 (26-2: edz) {scerr.6: fz éd=e(-1)| 


= -3(¢ e& — 2e* (z = 1)) — -s¢ (<2 —2z+ 2) {return to the original variable } 


1 be 1 
=-5 Jens? eres 2)| = -3[9 —10+0+4+ »|=5 
0 3 


AY 


Method 2: By using the “multiplying with power of t” property of Laplace transformation, in this 
example, power of f? is n = 2, so multiplying with power of t property is applied directly as 


2 2 
f@) =u) .. Fo = & Pog eS and (—1)*=1 
Ss ds ss 


wh 
Brio aay a (=) == 


ds? 3 s3 
Evidently, with the experience, the properties of Laplace transformation are used as a shortcut. 
7.8. Given differential equation with constant coefficients 
f@) = tut) 


without knowing value of a, evidently, solving by definition is not much practical because it requires 
a bit longer proof by the induction method. 
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Reminder: Positive integer powers of t“ are generalized by the induction method as 


a a a a! 
L {fu} = (Dus) = Te 
where, us) stands for ath derivative of u(s). 
Therefore, 
ree a! 
_ a o—st _ 
F(s) =) tie“ dt= el 


7.9. Given time domain function 


f@) =e ut) 


by definition, Laplace transformation F(s) = 2 {f (t)} is 


+00 +00 +00 
F(s) = i i@e" a= i we dt= / e “— dt = {change variable } 
0 0 0 


d 1 
{z= =a anh = = —(s —a) aa dt=-— ac 
aaa dt s-a 
i 1 Zz . . . 
= edz=— e {return to the original variable } 
2 — a s—a 
— —(s—a)t a [ _ | = 
S—da c 0 S—a sS-—a 
Note, if 
+00 
t —st 1 
a=1: F@)= ee “dt= 
0 s—1 
+00 
i A St 1 
a=-l1: F(s)= ele "dt= 
0 s+1 


7.10. Given time domain function 


fO=e" wl) 
by definition, Laplace transformation F(s) = @ { f (t)} is 


+00 +00 +00 
F(s)= iOeraug= i ete" dS / e °+" dt = {change variable } 
0 0 0 


(s +.a)t ai (s +a) dt d 
= . =—-(§ a . = — 
& S+ra eer Ae can 
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1 
=— / edz=— e {return to the original variable } 
sta Ss 
+00 0 1 
— ois e Stat = | [ _f | — | 
sta . s+a sS+a 


7.11. Given time domain function 
f(t) =e“ u(t) +e“ u(t) 


by definition, Laplace transformation F(s) = 2 {f (t)} is 


+00 +00 +00 +00 
F(s) = / f(t) et dt = / (ec a e“') et dt = / e S-at dt +f e Stat dt 
0 0 0 0 


{see P.7.9 and P.7.10} 


1 1 _ Fayre =e) 2s 
s-a sta (s—a)sta)  s?—a? 


7.12. Given time domain function of rectangular impulse 
f(t) = u(t) — u(t — a) 


by definition, Laplace transformation F(s) = 2 { f (t)} is 


+00 


+00 +00 
F(s)= / fie" dt= / (u(t) —u(t — a)) e“'dt= / u(t) e—™ dt 
0 0 0 
+00 
-f[ u(t —a)e "dt 
0 


1 1 i an gas 
= {seeP.7.2 and P73}=—-—e =< e“) 


7.13. Given time domain function sinusoidal function 
jat —jat 


f(t) = sin(at) u(t) = ——*— u(t) 
2j 


and u(t) = 1, (t > 0) then, by definition, Laplace transformation F(s) = @ { f (t)} is 


+00 +00 eiut _ e sat 1 +00 , 
F(s) = fie" dt = i ——_____ ye" dt = — i ea-t at 
0 0 2j 2j Jo 
to fe gs 
——— e Jats! dy 
27 Jo 
{see P.7.11} 


~ ( 1 1 ) L (toe) 2! Wa a 


~ OF s—ja s+ja ~ Oj (s — ja)(s + ja) eee 
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7.14. Given time domain function 


f(0) = costar) u(y = FE wir 


and u(t) = 1, (t > 0) then, by definition, Laplace transformation F(s) = @ { f (t)} is 
+00 +00 pjat 4 —jat 1, fe a: ly nice 
F(s) = i} fie dt = / Se gt ge / ella Gt 4 = / en atsyt gy 
0 0 2 2 Jo 2 Jo 
{see Pi] | 


-3( 1 i =, (Gee e)_: is. 


~ 2 (an en ~ 2\ (s—jay(s+ja) ) Xs?+a?2 52+? 


7.15. Given time-domain periodic function 
WeR: f@®=ft+T) 


by taking advantage of the time—shifting property, it follows that 


+00 3T 


T 2T 
F(s)= fOe™ ar= | epoar+ [ soars [ a £@)dt +> 
0 0 T 2T 


{change variable: ¢ = z,t =z+T7,t=z+2T,... dS 12] 


T 2T 3T 
= / e~ f(z) dz+ / e TET FG + t) dz+ / gre” Fe + 2T) dz+--- 
0 T 2T 
{2 {f(t -—a)} =e“ F(s)} 


T T T 
_ i e™ F(z) dz zi aml e f(z) dz a aaa 2 F(z) dz std Oi 
0 0 0 


T 
= (tet ers...) f e *f(z)dz 
0 


CO 
1 
{som of infinite geometric series: ) ie = (see Ch. 1) 
=s 
n=0 


{return to the original variable | 


1 T 
-a | e' f(t) dt 
_ 0 


7.2. _ Basic Properties 


7.16. Given first derivative f’(x) as 


a af) 
sO = fO=Ze 
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and by recalling that condition for existence of the transform is that f(t) is finite, i.e. (f (t) < oo) 
for all t, then by definition, Laplace transformation G(s) = 2 { g(t)} is 


G(s) = [- (t) e'dt= a f(t) et dt = [- ont df (t) 
= : g = ; = a 


{imegraion by parts; u =e", dv=df(t) .. du=-se", v= [ero = ro | 


£00 too 0 1 
=fae| +s / fe" dt = [ferooye =” — fA] +5 FO) 
0 
Fis=2{ fo} 
= s F(s) — f(0) 


because (f (th<o .. f(4+00)-:0= 0). In addition, f (0) stands for the initial condition of f(t) 
at tf = 0 (i.e. just before the signal is injected into system). 


Reminder: Laplace transformation of a function’s first derivative is 


gy df (t) 


As |=sF()-F0 


This general case is known as “first derivative property” of Laplace transformation. 


7.17. Given second derivative f” (x) as 


= pipe IO oF @ 
SOS. "a 


by definition, Laplace transformation G(s) = & {g(t)} is 


+00 too 466 ; 
G(s) = / sQe"d=f f'Oe"d = i, et FO, 
0 0 0 Ut. 


{imegraion by parts;u =e", du=df'(t) .. du=—-se", v= fare = ro| 


“Heo +00 0 | 
=roe") +s pocta=[secoe™ — (OF | 
0 
+00 
dy fle dt 
0 
see P.7.16 


= s(s F(s) — f)) — f’) =s” F(s) —s f) — f'O) 
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7.18. Given third derivative f’’ (x) as 


een me 
s= f"O=— B= Fy 


by definition, Laplace transformation G(s) = & {go} is 


“= +t, 00 +00 " 
G(s) = ge “dr= ff" edt = / et FOS, 
: 0 0 rare 


{imtegraion by parts;su=e", dv=df"(t) -. du=-se", v= fare = f"(t) 


+00 +oo 0 1 
45 , f"() edt = Lfireoye = _ roe | 
0 


+00 
+s i f' We dt 
0 


-_ 
see P.7.17 
= 5 (s* F(s) —s f() — f’(0)) — f’) =s° F(s) —s” Ff) —s f’O) — f”"0) 


= f"@ erst 


Reminder: For the reference, this derivative property of Laplace transformation is generalized 
for nth derivative as 


ZNO) At) sO) vine (Olaf 50) 


7.19. Given composite sinusoidal function 


Qjt 


f (0) = sin(2r) = ——*— 
2j 


by definition (see P.7.13), Laplace transformation F(s) = @ { f (t)} is 


“+00 +00 2jt _ p-2jt 
F(s)= / f@e"dt= f ——— edt 
0 0 


2j 
1 “+00 j 1 +00 ‘ 
= al e@i-n dz =| e 2i+sit dt 
2j Jo 2j Jo 
{see P.7.11} 
i 1 1 _ 1 @+2)-@-2j/) 1 2 2 
~D\s=2p stQpy 27 (262) ~ Byr+? 944 
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7.20. Given sinusoidal function 


ezit ae eo 2st 


f@ =cos(2t) = 5 


by definition (see P.7.14), Laplace transformation F(s) = @ { f (t)} is 


+00 +00 ,2jt —2jt 1 +00 , 1 +00 : 
F(s) = fe dt= | ge 5 / ell dt + 5 i etd 
0 0 


2 0 0 
{see P.7.11} 
il 1 x: 1 _1(@v+2f/ytG-2jf) 1 Xs 8 
~ 2\s-27 s+2j) 2 (s—2jy(s+2j) ~~ Bs? +22 5244 


7.21. Given sinusoidal function multiplied by power of t 
f@ =tsin(2r) 


Method 1: by definition, Laplace transformation F(s) = # { f (t)} is 
+00 +00 
F(s)= / fie "dt= / tsin(2t) e—"' dt 
0 0 
- ; —st : —st 1 
integration by parts: u=te ", dv=sin(2t)dt .. du=e “(1—-st)dt, v= =) cos(2t) 


1st* 
+= / cos(2t) e ‘(1 — st) dt 
0 


1 +00 
= ——cos(2t)te™ 
2 0 2 


1 ft? 1 00 
=0+ al cos(2t)e “dt —=s / cos(2t)e' t dt 
2 Jo 2 Jo 


L{cos(2t)},_ P.7.20 


1 ss 1 20 i 
== —xs cos(2t)e" t dt 
2s7+4 2 Jo 


because 


0 0 
+00 
cos(2t) te" = lim (cos @*") —cos(2 e 5) 
0 is 


where the above limit may be proved, for example, by the Squeeze theorem. In addition, 
+00 
/ cos(2t)e' tdt = 
0 
2 . =sf =st 1 ‘ 
integration by parts: u =te ”“, dv=cos(2t)dt .. du=e “(1—st)dt, v= 5 sin(2r) 


1 too =] te 
geo sin(2| ve / sin(2t)e7" (1 — st) dt 
2 0 2 Jo 
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1 2 


1 te 1 te 
=0- =f sin(2t) e~" dt a f/f t sin(2t) edt = “5 aaa 


SA{sin(21)}, P.7.19 


1 te 
"> / t sin(2t)e"' dt 
eo 2). = 
F(s) 
1 21 1 
ee -s5F 
Seaa 3°? 
because 
+00 0 0 0 
sina) re] = Jim (sinerre) ~ sin2coy-eoyen 
0 t—> 
Altogether, 
Oe of jets = +45 FG) 
=> = = COs = = S = S 
wo eA Oe . 22+4 2 ee. oo 
a. Ss a S Le pes 
“O8oa 2944 4° ° 
ro" = RY . Fi 4s 
UA S44 = G24 4p 


Method 2: After some practice, the property of multiplication of a function by powers of t (see P.7.6) 
may be adapted directly, as 


d” 


aa F(s) = (-1)"F(s) 


Fl fol =Ciy 


In this example, power of t! is n = 1, so multiplying with power of f property is applied directly as 


pg —2FO) ____4s 


2 
ce =— d (-1)!!=-1 
244 ds Cue oe 


f@® =sin(2t) ». F(s)= 


1dF(s)_ 4s 
ds (s2 + 4)2 


f {t sin(2t)} = (-1) 
7.22. Given sinusoidal function multiplied by power of t as 
fo= t? cost 


derivation by definition, Laplace transformation F(s) = &@ { F (t)} is a bit longer than in P.7.21. 
Taking advantage of the property of multiplication of a function by powers of f, 
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ad” 
P {e"f@} = (iy fo = (-1)"F(s) 


Here, power of t? isn = 2 thus (—1)? = 1, so “multiplying with power of t” property leads to 


s 
s?7+1 


peg 2 EO) d[f_s _ d (-s?+1)\_ 2s(s? —3) 
Gs? ds\ds\s? +1) )~ ds (2412) (+n? 


f@®=cost .«. F(s)= 


d’F(s) — 2s(s? — 3) 
2 _ ¢__4y2 
L {t cos t} =(-1) i @aD 


which is, evidently, much faster than derivation by definition. 
7.23. Given function multiplied by exponent 
g(t) =e" ft) 


by definition, Laplace transformation is 


+00 


SifOp=loO= : f(t)e-™' dt 


+00 +00 FOO 
F(s-—a)= f(the 8 dt = / fie" edt = e@ i fije “dt 
0 0 0 


=e" Lf} 


Reminder: This general relation is known as “frequency shifting” property 
F(s—a) =e" L{fO} 


Note that the shifting of s argument by a generates exponential term e“’ that multiples the 
non-shifted function’s transformation. 


7.24. Given function f(t) whose argument is time—scaled by a as 
g(t) = flat) 


by definition, Laplace transformation F(s) = 2 {f (t)} is 
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+00 
eiror= | fae dt 
0 


+00 +00 +00 


= iG tell 
L{f(at}= flathe“dt= f(athe™ —dt= f(at)e"' —d(at) 
0 0 a 0 a 


+00 

_ 1 f(at)e—' d(at) = { hanse variable: z = . a az} 
a Jo a 
1 f= 1 

= f(at)e*@ d(at) = —L{f 2} 
a Jo a 


-fel(Q]= 2° 
a a a a 
Note that basic idea in this proof is to replace all arguments ¢ with arguments at. By doing so, form 


of Laplace transformation relative to variable z is achieved. 


Reminder: This general relation is known as “time scaling” property of Laplace transformation 


L{ f(at)} = _F( ) 


Ss 
a 


7.25. Given function f(t) that is scaled by ¢ as 


gt) = mo 


assuming that lim,_,9 g(t) exists. Note that 1/t = t7~', then by definition and the multiplying with 
power of ¢ property, Laplace transformation is derived as 


fM=tgt) -. Li{tsO}= L{fO} 


d 
0! =| Z(g@)| = Fo) 


i d|-Z tg] = - / F(s)ds 


{change to temporary variable s = z | 


AY 


Lie) =- / 


(oe) 


Fedz= [ F(z) dz 
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Reminder: This general relation of division by ¢ is also known as “frequency—domain 
integration” property of Laplace transformation 


2{f}- f FO: 


t 


where z is temporary variable that helps to preserve s as the final result variable. 


7.26. Given time-domain function g(t) as 
t 
g(t) = / f(z) dz 
0 


Method 1: by definition, Laplace transformation F(s) = # { f (t)} is 


+00 t +00 t 
G(s) = / g(the “dt=fL {[ f@) a:| = / | / f@ a:| edt 
0 0 0 0 


: 1 
{integration by parts: u = / f@dz v=e" » wW=f(), v=—--e" 
0 s 


= |-se" / f(z) a:| - [o-se'roa 
S 0 0 0 S 
Orto oe oo 
= |" if f(2) a:| Se i fe dt 
S 0 0 S Jo 
—— 


F=2{ Fo} 


z{f fea} = a 
0 Ss 


Method 2: taking advantage of derivative property of Laplace transformation, 


a= f f@dz .. g()=f@, and, g(0)=0 


Ziv Ol=2{FOVH PS) 
where, 


L {eo} =sZ {go} — gO) =sL {g(t} 


Fo) = 52 | fords} 
0 
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z{f fede} = aud 
0) S 


Reminder: This general relation also known as “time-domain integration” property of Laplace 


transformation 
z{f fas} = FS) 
0 AY 


where z is temporary variable that helps to preserve ¢ as the final result variable. 


7.27. Given time domain function f(t) as 


fo=f (27 +2z—-—€)dz 
0 


by taking advantage of the transformation properties as 


zisor=2{ f @+2-e)ac} = | f tac} +2 f zac} —2| | é az} 
0 0 0 0 


it follows that, 


t 3 
Lp} =— {seeP7.7} .. z\f acl _ “8 = as 
0 


: s 
=3 | rr coe 
£{p) = — {see P.7.6} S z\f raz} == 
oe: owl ela. 2 
@ \e?} = —— [see P7.9} e | { each = 5 ~ s(s —1) 
2. ff 1 —s+s?+s-2 
APO = at a a6 ) s4(s — 1) 


7.28. Given time—domain function 


t —3t 


e’—e 
fC) = — 


by taking advantage of the transformation properties as 


it follows that 
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2 {|= —_ {see P.7.9} 


Le} = {see P79} 
S 


+3 
e! — e3t oo 1 oo 1 
L }¥ ———_ =) az— | — dz {see P.7.25} 
t S z-1 5 z+3 
oo oo z—-1|* z—-1|* z—l 
—In -1)| —In +3)| =k | = In | —In 
( 1, @ 1, mPa, z+3 3 |. 


ee) S—-lm.. e s—l1 s—l ae ea 
| }-In = lmin- —-In =-—lIn =In 
lee) s+3 co 6 s+3 s+3 s+3 


7.29. Given time—domain function 


f(t) = (t— 2)? u(t — 2) 


Reminder: 


L {t"u(t)} 


= gt 


LG =a} =F A) 


Method 1: by taking advantage of transformation properties, first, transformation of the the non— 
delayed version of f(t) simply f(t) = t? .. (n =3), thus 


3! 
HSPs FO= oa a 


then, delaying f(t) by a = 2 results in 


(H=Ga) Ss Fis eS 


Method 2: by definition, 
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+00 
F(s) = f(t)e~" dt 
0 


2 +00 +00 
= i, Gao) eo" ad +f (t—2)2e™" dt =O+ / Ga 27 e-" a 
0 2 2 


{change variable: z = t — 2, dz =dt, t=z+2} 


{adjust the limits: t + 2 => z—> 0, t>o>z >} 


+00 +00 +00 
= / 2 eS G42) dz= / 23 es ee dz= es / 2 eo dz 
0 0 0 


So {2° (see P.7.8) 


6 

—2s 
=e 4 
7.30. Given time—domain function (a.k.a sinc (t)) 


sin t 
t 


Reminder: 


2{f} =} F(z) dz 


t 


1 


by taking advantage of transformation’s frequency-domain integration properties, first, transforma- 
tion of f(t) version that is not divided by f, 


F(s) = & {sin(t)} = Sal 


& 
— 
E 
on 
—— 
| 


CO CO 1 oO 
= i F(z)dz= i dz= aretan(2) = arctan(oo) — arctan(s) 
Ss Ss ied +1 s 
akan arctan(s) 


1 
{te identity: arctan(s) + arctan (<) — -: (s > 0) 
Ss 


(;) 
= arctan {| — 
Ss 
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7.3. Inverse Laplace Transformation 


7.31. For example, 
Method 1: Inverse of 1/s may be derived, for example, by using result in P.7.8 where it is found that 


HP uh} = 


gatl 
which after setting a = 0 reduces to # {t° u(t)} = S {u(t)} (because t° = 1), so that 


0! 1 1 
L {u(t)} = sort > po=2{-| = u(t) 


Method 2: See P.7.1 and P.7.2, as t > 0, then f(t) = YZ! {1/s} = u(t). 


1 
7.32. See P.7.3, asa = 2, then f(t) = Z! mal = u(t — 2) 
Ss 


7.33. See P7.4, f(t) = LZ {lI} = 8) 


7.34. See P.7.5, as a = 1, then f(t) = @-! {e*} = d(t — 1) 


7.35. See P.7.6, f(t) = 27! {=| =tu(t) 


7.36. See P.7.7, f(t) = 27! {=| =fu(t). 


Ss 
oe oe 


7.37. See P.7.14, as a = 3 then f(t) = Z! = cos(3 t) u(t) 


7.38. See P.7.12, asa = 2 then f(t) = 27! {> (i- | = u(t) — u(t — 2) 
S 


7.39. See 7.21, f(t) = 27! = tsin(2t) 


Ss 

(P+4y 
1 j 

7.40. See P.7.30, 7~! {arctan (<) = _ 
s 


2s 


=a 


7.41. See P.7.11, 27! ; ; = Cg + et) u(t) 

Ss 
7.42. Inverse LT of rational function are found by partial fractions and decomposition of rational 
fractions into already known rational terms. For example, 
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Ss 2 2 
5 


+1 (s+2)?+1 


f@= 


+4545 (s+2241 (9 +2) 
2 s+2 ) 1 
PIPE. Grey? f1 


Therefore, 


7 - st+2 1 a) ee ee 
L {fo} = 7% [a 2} esas 


4 1 
lee loxaeni} 


= {see P.7.13, P.7.14 and P.7.23 } 


=e cos(t) — 2e~ sin(t) = e~* (cos(r) — 2 sin()) 


7.4 Differential Equations 


7.43. Given first order differential equation with constant coefficients 


dy(t) 
dt 


y+t1=0 .. +1=0 
Method 1: postulate that Y(s) = # {y(t)}, then by taking advantage of LT derivative properties as 
y+1=0 .. Z{y¥ +1} =f {0} . L{y}+ fi} = {0} 


(s¥(s) _ y(0)) ++ =0 .. sY(s)= = . Ysy= = 
Ss Ss Ky 


Reminder: 


Inverse Laplace, see P.7.6, is then 
yu) = -t 


Method 2: direct integration results in 


BI) at: GOD 


7 er ae fow=-fa “. yt)=-t+C (yO) =0) 
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y(0) =-(0)+C=0 .. C=0 


y(t) =-t 
Verification: 
y(t) =-t 
y(t)=—-1 
-14+1=0 Vv 


7.44. Given differential equation with constant coefficients 
—2y'+y=0 
Method 1: assuming Y(s) = @ {y(t)}, then by taking advantage of LT properties as 


—2y'+y=0 «. Z{-2y’+y}= LO} -. 22 [y}4+ 2h) = 710 


2 ™ 1 
—2s+1 ™=2 s—1/2 


—2(sY(s) _ y(0))+Y¥(s) =0 .. —2sY(s)+ Y(s)+2=0 ©. Y(s)= 


Reminder: 


Inverse transformation results in (see P.7.9) 
y(t) =e? 
Method 2: direct integration of differential equation with separable variables 


dy dy 1 dy >| 
~~ 49264 Seg (|S ee la 
aoe dt 2° y 2 


1 
Iny(t)+Inc = ; “. In(C y())= ; -yH=Ce? » yO=CH” =CH=1 


y(t) = et? 


7.4 Differential Equations 
Verification: 
yO =e? 


1 
y(t) = 5 el! 


ee, 
2 
7.45. Method 1: Given differential equation with constant coefficients 
yl" — 1 — 0 
assuming Y(s) = & {y(t)}, then by taking advantage of LT properties as 


y'-1=0 », Zly"-1=20 «. Zfy}-L2M=2710 


: 1 : 1 1 
(s ¥(s)—s y@) —y'@) -- =0 * PY()-==0 +. YQ)= 


Reminder: 


Inverse transformation (see P.7.7) results in 


Wes a2 2 | @aiz 
eG. a cee PP ENG 
Method 2: direct integration results in 
y”—-1=0 
dy a ‘ aan * / — 2 / = — ‘ 
yYO= 


pa 2g 5 fe = fra. Oe 23s" tet « 
i Tl y= a IO=, et DORs 7=0 2 


3 


Cc; =0 


C2 =0 
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Verification: 
2 
5 ae 
y@j=t 
y@=l 


y"-1=1-1=0Vv 
7.46. Given differential equation with constant coefficients 
y”-y+1=0 
assuming Y(s) = & {y(t)}, then by taking advantage of LT properties as 


y’-y+1=0 « L{y"-y +1} = 2 {0} 
£ {y"}-2{y}+ Zl} = 210} 


1 
(s° ¥(s) — 5 yO) — y'O)—-(s¥(s) — yO) +— = 0 
(s? ¥(s) —s — 1))—(s¥(s) — p+ = 


> 1 
s°Y(s) —sY¥(s) =s ——- 
Ss 


ea 


Y(s)(s(s — 1) 


(s—-T(st+1) stl 
Y(s) = ety — 2 


Rational function Y(s) must be decomposed by partial fraction method, so that it is possible to find 
its inverse Laplace transformation. 


s+l A B As+B 
=—4+—= 


Y(s) = 2 = ; 


2 


S S 


which is to say (by equality of the numerators) 
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Reminder: 
1 1 
LA ae eS e\t=1 
AY Ss 
1 1 
“i= = e|s}=1 
AY S 


Inverse Laplace transformation is 


1 1 
Ys)=-+5 “ yQ)=1+t 
AY AY 


Verification: 
y(t) =1+t 
y(t)=1 
y(t) = 0 


y-yW+1=0-141=0 Vv 
7.47. Given differential equation with constant coefficients 
y" + 2y'+2y =0 
assume Y(s) = & {y(t)}, then by taking advantage of LT properties as 
y+2y'+2y=0 «. L{y”+2y' + 2y} = £ {0} 
L {y"} +2L {y'} +2 {y} = £ {0} 
(s* Y(s) — s y(0) — y'(0)) + 2(s¥(s) — yO))+2¥(s) =0 
(s? Y(s) +s —1)) +2(sY¥(s) + 1))+2Y¥(s) =0 
s°¥(s) +2sY(s) +2Y(s) =—(s+ 1) 
Y(s)(s* + 2s +2) =-(s +1) 


Rational function Y (s) must be decomposed by partial fraction method, so that it is possible to find its 
inverse Laplace transformation. Denominator of Y (s) has complex roots, 5; = —1+i ands; = —1—i. 
It follows that 
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—s—1 = —s—1 _ A B _ A(s — 52) + Bis — 5) 
s242842 (s—si)(s—m) s—sy s—S (s — s1)(s — sz) 
_ S(A+ B) — As — Bs, 


(s — 81)(s — 82) 


Y(s) = 


which is to say (by equality of the left and right side numerators) 


A+B=-1 .. B=-1-A 
—As. — Bsy =—-1 ». AS + Bs, =1 


Agee Ay =i } AS = 


B=-l+==-- 
2 2 
Reminder: 
1 1 
F —st = Ff = et 
le s+1 s+1 
Inverse Laplace transformation is 
Y(s) = 1 1 1 1 
ioe 2s—s,; 25—5S9 
y(t) = wt gat — Lost = il ect 1 cir = at it 3 -it 
2 2 2e! 2e! 
1 seas 1 ss “y 
ae (cos t +i sin t) = ae (cost -—i sin t) =-—e cost 
Verification: 
y(t) =e" 
y@=e" 
Ox 


—e'+2e'—2e' =2e'-2e'=0 V 
7.48. Given non-homogenous differential equation with constant coefficients 


y" + y = sin(2r) 
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assuming Y(s) = 2 {y(t)}, then by taking advantage of LT properties as 


y"+y=sinQ2r) -. Y{y”+y} = f {sin(21)} 
L {y"\+ Liy} = F {sin(20)} 


(s° ¥(s) —s yO) — y'(O)) + Y(s) = = 
se+4 
sY¥(s) + Y¥(s) = 
se+4 
V(s)(s? + 1) = 
s?+4 


2 


"O= GENE +A 


Rational function Y(s) must be decomposed by partial fraction method, so that it is possible to find 
its inverse Laplace transformation. Denominator of Y(s) has complex roots, s; = +i, 5. = —i, 
53 = +2i, and s4 = —2z1. It follows that 


_ 2 _ As+B  Cst+D __ (As + B)(s* +4) + (Cs + Ds? +1) 
~ (s2 + 1)(s2+4) 5241 se+4 (s?2 + 1)(s2 + 4) 
_ 8(A+C)+s7(B + D)+5(44A+C)+4B+D 


(s? + 1)? +4) 


Y(s) 


which is to say (by equality of the numerators) 


A+C =0 

B+D =0 2 2 
A=0,B=~,C=0,D=-~ 

4A+C =0 3 3 

SED aD 


Reminder: 


Lsin(at)} = ss zs 21 | 4 | =sinan 


+a 


Inverse Laplace transformation is (see P.7.13) 


2 1 #1 2 


¥@j= - 
= 3a 3@44 


() = 2 sine * sin(22) 
y =o 3 sin 
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Verification: 
y(t) = ¥sint — § sin(2r) 
' 2 2 2 4. 2, 1. ; 
y(t) = cost — 3 cos(2r) “. —>Aint + 3 sin(2t) + = sint — 3 sin(2t) = sin(2t) Vv 
” 2: ass 4. 
y(t) =-—Fsint + 3 sin(2r) 


7.49. Given non-homogenous differential equation with constant coefficients 
y" ain y’ = 9D et 
assuming Y(s) = & {y(t)}, then by taking advantage of LT properties as 


y”’+y =2e* Se L{y"+y}= Lf {2e"} 
Ly" +2 {y'} = 2 {20} 


2 / 2 
(s* ¥(s) — s yO) — y'(0))+(s¥(s) — y(0)) = ol 
Y¥@) =s= 1407) —1= z 

s+] 

¥Yis\s* +s) -—5-—2= z 

s+] 


(s+2)(s +1)+2 s74+354+4 
Y(s) = => 
(s? + s)(s + 1) s(s + 1)(s + 1) 


Rational function Y(s) must be decomposed by partial fraction method, so that it is possible to find 
its inverse Laplace transformation. It follows that 


sx? +35 +4 _A, B - C  __ A(s? +25 +1) + Bs(s +1) +Cs 
sist1)(st1) s stl (s+1) — s(s + 1)? 


s(A+B)+s(22A+B+C)+A 
s(s + 1)(s + 1) 


Y(s) = 


which is to say (by equality of the numerators) 


A+B =1 
2A+B+C =37 «. A=4,B=-3,C=-2 
A =4 


so that inverse Laplace transformation is derived as 


Payee 2 
oy stl OP? 


y(t) =4—3e' — 2te" 
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Verification: 
y(t) =4-—3e' —2te 
y(t) =2te'+e" o —2teTret+aettret=2e' Vv 
y(t) =—2te'+e™ 


7.50. Given non-homogenous differential equation with constant coefficients 
" / 
y —y =cos(t) 
assuming Y(s) = & {y(t)}, then by taking advantage of LT properties as 


y’-yssin(t) -. Ly" —y'} = Z {cos()} 
Lily") — L{y'} = Z {cos(t)} 


S 
s?+] 

s 
s2?+] 
V(s) = fl _ 1 
s(s-—1)674+1)  (s—16?+1) 


(s? Y(s) — s y(0) — y'(0))—(s¥(s) — y)) = 


s7 Y(s)-—sY(s) = 


Rational function Y(s) must be decomposed by partial fraction method, so that it is possible to find 
its inverse Laplace transformation. Denominator of Y(s) has complex roots, s; = +i and sy = —i. It 
follows that 


1 _ A, BstC _ Ai +1) + Bs +O -1) 
(s—1)(s?+1) s—-1) s?41 (s — 1)(s2 +1) 
_ (A+ B)+s(C-B)+A-C 
7 (s — 1)(s? +1) 


Y(s) = 


which is to say (by equality of the numerators) 


A+B =0 

C-B =0 ea 1 Ge : 
~ SP SD 

A-C =1 


Reminder: 


& {cos(at)} = ee => g£! lost = cos(at) 


Inverse Laplace transformation is (see P.7.14) 
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¥(s) = 1 1 l os 14 
a= ica Sey See 
(t) ee (t) a (t) 
= —-e€ — —cos —-—sin 
- 2° 2 2 

Verification: 

y(t) = Se! — dcos(t) — 5 sin(t) 

y(t) = Ze" + $sin(x) — 5 cos(x) 


y(t) = Ze" + S$ cos(x) + 4 sin(x) 


1 1 1, 1 1, 1 
ft Feosen + 4 sine — 4 — ba 4 5 008(x) = cos(*) v 


7.51. Given non-homogenous differential equation with constant coefficients 


assuming Y(s) = & {y(t)}, then by taking advantage of LT properties as 


y"-y"=0 1 L{y”—y"} = {0} 
2 ty" — L {y"} = £ {0} 
s*¥(s) — s’y(0) — sy’(0) — y’(0) — (s? ¥(s) — s y(0) — y')) =0 
s°Y(s) + 3s? -s —4—s°Y(s)-3s+1=0 


—3s? +45 +3 


a ar 


Rational function Y(s) must be decomposed by partial fraction method, so that it is possible to find 
its inverse Laplace transformation. It follows that 


—3s°+4s+3 A BC _ As(s—1) + Bs — 1) +Cs? 


Y(s) = = = 
(s) s2(s — 1) s s2 is s-—1 s2(s — 1) 
_ s(A+C)+s5(B—A)—B 
7 s2(s — 1) 
which is to say (by equality of the numerators) 

A+C =-—3 
B-A =4 . A=-7,B=-3,C=4 
—B =3 


so that inverse Laplace transformation is derived as 


7.4 Differential Equations 


Verification: 


y(t) 
y(t) 
y(t) 
y(t) 


y(t) = —7 — 3t + 4et 


apes Beak 
= 4e' —3 
* 4e’—4e' =0 V 
= 4e! 
= 4e’ 
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